PhianI  DPAI SO VA GIAI TiCH.
Chuong I : HAM SO LUQNG GIAC VA PHUONG TRINH LUQNG GIAC.
Bail: HAM SO LUQNG GIAC

A /LY THUYET

o Jf(x) conghiakhi f(x)>0

o /& c6 nghia khi g(x)#0

g(x)
e Hamsb y = tan x xac dinh khi x¢%+k7z,kez.

e Hamsb y=cotx xdc dinh khi x#kr,keZ.

° —1<sinx <1 ; 0<sin’x<1

e —I<cosx<l ; 0<cos’x<l1

o Oﬁ‘sinx‘ﬁl ; Os‘cosx‘sl

e 0<+sinx<l ; 0<+/cosx <1
B/BAITAP :

1/ Tim tap xac dinh cia cac ham so sau :

~ V4
a/ y:cosm h/ y:tan(x—zj+5x
b/ y=siny/2-5x i/ y=cot(3x+2)
¢/ y=tan5x+3x : x+2

i y=
tan x
d/ y=7-cot4 i
y cotax K y= sinx+5

cos’ x+cosx—2

2
of y=—2X_SImX UV oy=—
YT acosx g V1=sinx




£ y= S x X

m y=—
sinx+1 Y V1—-cos® x

of y:2—sinx Woy= [sinx +3
cosx+3 cosx+1

o/ y =tanx+cotx L cot x

q y= Sx Py cosx—1
tanx —1 1 3

1/ y= -

sin2x cosx
2/ Tim GTLN , GTNN cua cac ham so sau :

aly=3cosx+8 g/y=9-2sin’5x

b/y=5sin6x—2 hy=d-3rcosx
c/y=4cos’x+1 i/y=4sinxcosx+5
d/y="7sin’3x—4 j/y=1-sin’xcos x
e/y=8—sin5x k/y=cos”x—3cosx

[/y=sin’x+2sinx—3

f/y:1—4cos(x+%j

m/ y=2-3 [cos x n/y:4|sin2x|—1
Bai 2 PHUONG TRINH LUQNG GIAC CO BAN.
A/LY THUYET :

Bién d6i cac pt vé dang co ban sau :

) ) x=a+k2x
sinx=sina < (keZ)
x=r—a+k2rx
x=a+k2rx
.COSX =COSa & (keZ)
x=—a+k2rx

tanx=tana < x=a+kr(keZ)

cotx=cota & x=a+kn(keZ)

*Chu y : Néu khong dua dugce ve cung quen « thi dung cac ki hiu arcsina, arccosa,
arctana, arccota.
—————————————————
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*Ghi nho :

V4
. o cosx=0x=—+krx
o sinx=0x=krx 2

o Sinx:1@x2%+k2” o cosx=lx=k27

) T e cosx=—-lx=rn+k2x
° s1nx:—1<:>x:—5+k27r

*Bien doi dac biét :

a/sinu:—sinv@sinu:sin(—v) / ) (7;
e/cosu =sinv <> cosu =cos| ——v
2

b/tanu:—tanv<:>tanu:tan(—v) £t st ¢ (7[ ]
anu = cotv anu =tan| ——v
2

¢/ cotu =—cotv < cotu = cot(—v) ) SN (7[+ ]
g/ cosu =—sinv <> cosu =cos| —+v
2

a’/cosu:—cosv@cosu:cos(ﬂ—v) ht tyet t (”4‘ j
anuy = —cotv any =tan| —+v
2

B/ BAI TAP:

Bai 1/ Gidi cac phwong trinh sau :

al/2sinx—1=0 T

i/3tan| 2x—— |-1=0
b/200s2x+\/§=0 4
¢/3sin9x+1=0 jl4cot(2x—16°)+7=0
d/3cosx—4=0 k/2sin5x+~3=0

e/tan(x—1)=5
f/3cot(§—xj:\/§

g/2cos(4x+20°)+/3=0
h/2sin(80°—7x)—1:0 n/2cos(3?ﬂ—4xj—\/§=0

1/2cos(3x—%)+ﬁ=o

X T
/2sin| == |+4/3=0
m Slll(2 4}

2/ Gidi cac phwong trinh sau :
_ T 20 c/tanx+tan2x =0
a/sin| x—— |—cos| ——4x |=0 . .
6 3 d/cos(2 —5x)+cos(4x—14 ):O
b/sin(1—2x)+sin(3x+4):0




e/tan3x—cotx=0 g/tanx+cotx=0

h/tan2x.tan3x =1
f/sin(x+%j+cos2x=o an Zx.tan 5x

3/ Giai cac phwong trinh sau :

a/sinxcosx—3sin2x=0

b/2sinx+x/§sin2x:0

f/sin®2x+cos’3x =1

g/sin’5x—cos’x=0
. 1.

¢/sinxcosxcos2xcos4x =—sinS5x A/ sinx+sin2x+sin3x =0

.9 1 1/sinx+sin2x +sin3x =1+ cosx +cos2x
d/sin"x——=0 .2 2 . 2 2
j/sin” x +cos” 2x =sin” 2x +cos” x

e/sin* x—cos* x=—
k/cos2xcosx+sinxcos3x =sin2xsinx —sin3xcos x
Bai 3 PHUONG TRINH BAC HAI

POI VOI MOT HAM SO LUQNG GIAC.
A/ PHUONG PHAP:

Dang :
a.sin’u+b.sinu+c= 0(1)

a.cos’ u+b.cosu+c=0(2)

, (a,b,ceR;a;ﬁO)
a.tan’ u+b.tanu+c =0(3)

(
a.cot’u +b.cotu +c =0(4)
Cach giai :

- Dbiveidang (1), (2) thi dit ¢ =sinu , ¢ = cosu
(didu kién —1<¢<1).
- Dbivéi dang (3), (4) thi dit ¢ =tanu , = cotu.
= Puaptvédang at’ +bt+c=0 , gidi imt, tim u.

B/ BAI TAP:

1/ Giai cac phwong trinh sau :
a/2sin®x—3sinx+1=0 e/6cos’ x+5sinx—7=0
b/cos’x—3cosx+2=0 S /Stanx—2cotx—-3=0

c/tan2x+(1—x/§)tanx—x/§:0

3
g/— =3+2tan’ x
cos” x

2 _
d/3cot”x—4cotx =0 h/cos2x+3sinx=2




i/2cos2x—8cosx+5=0 I/ cos2x+3cosx+2=0
j/4sin* x+12cos’x =7 m/ 2+ cos2x =-5sinx
k/ 2cos’ x+5sinx—4=0 10/ cos2x +2cosx =2sin> >

2/ Gidi cac phwong trinh sau :

a/4coszx—2(\/§—\/§)cosx—\/g:0 i/3tanx+x/§cotx—3—\/§:0

b/4sin2x—2(\/§+1)sinx+\/§:0 j/ =3+2tan’x
CoS X

c/2cos’*x—4cosx—sin*x+2=0 k / 4sin’ x.cos x — 4 cos’ x.sin x = sin” 4x
d/cos2x+sin® x +2 +1=0

CosZX TSI X cos l/4(sin2x+ L J—4(sinx+ ! ]:7
e/6sin"3x+cosl2x—4=0 sin” x sin x

([ x
f/51n(5j+cosx—1 1 1 )

m/ + =

cosx sin2x sindx

3
g/ cos? x ~tanx=7=0 n/cos5x.cos x —3cos’ x = cos 4x.cos 2x +1

h/cos2x—3cosx—2cos’ (%)+ 2=0
Bai 4 PHUONG TRINH BAC NHAT

POI VOI SINU VA COSU.
A/ PHUONG PHAP:

Dang : a.sinu+b.cosu=c(1) (a,b,ceR;a2 + b2 ¢0)

Cach giai :
Chia 2 vé ctia pt cho Va® +b*

a . b c
) ——sinu+——cost = ———
(1) Jat +b* Ja* +b* Ja? +b?

. . c .. a : b
& cosa.sinu+sina.cosy =———— (V01 CoOsS = ——,SInq = ————)
a’+b’ a*+b’ Ja’ +b°

c
Ja* +b?

*Piéu kién : pt (1) c6 nghiém khi o’ +b*> >¢’.

o sin(u+a)=

B/ BAI TAP:




1/ Giai cac phwong trinh sau :

a/sinx++/3cosx=2 f/cos7x—sin5x=\/§(c035x—sin7x)
b/\3cosx—sinx =+/2 g/4sinx+cosx =4

¢/N2sin2x —/6 cos2x = -2 h/2sin® x++/3sin2x =3
d/3sin7x+4cos7x =5 K/ cosx—~/3sinx = 2cos3x

e/+/3sin5x - cos 5x = 2sin3x 1/ 25sin 6x + /3 cos 5x + sin 5x = 0

2/ Gidi cac phwong trinh sau :

a/4(sin4x+cos4 x)+\/§sin4x =2
b/2(cosx—1)sinx =+/3 cos2x

¢/ cos2x —+/3sin2x = /2 (sin x + cos x)
d / 2+/3sin2xcos2x +2cos? 2x =/3 +1

e/\/§c0s5x—25in3xcos2x—sinx =0

Bii 5 PHUONG TRINH THUAN NHAT BAC HAI
POI VOI SINU VA COSU.

A/ PHUONG PHAP:
Dang: a.sin’ u + b.sinucosu + c.cos’ u = d(1)
(V6i a,b,ceR;a” +b>+c>#0)
Cach giai :
v' Cach1l:

@ Xét TH : cosu=0<:>u=%+k7r

(1)< a=d (ding thi nhén, sai thi loai nghiém w = % +vhkn,keZ)

® Xét TH : COSU?’—'O@U?’—'%+kﬂ'

Chia 2 vé ctia pt (1) cho cos’u , dua pt vé dang :
Atan’u+ B.tanu+C =0




= d(tan2u+1)

*Chd ¥ :

cos’u

v Cach 2 : Dung cong thirc ha bac va cong thirc nhan doi

) sin 2u
esinu cosu =

.o 1—cos2u

esin“y=———
2

) 1+ cos2u

ecoOS U =———
2

Dua pt (1) vé dang  A.sin2u + B.cos2u =C .

B/ BAI TAP:
Giai cac phwong trinh sau :

a/2sin” x —5sinxcosx —cos’ x = —2 f/sin’ x +2sin® xcosx —3cos’ x =0

L, . ) g/4sin’ x+3cos’ x —3sinx —sin’ xcos x =0
b/ 4sin® x+3+/3sin2x —2cos’ x = 4

h/ 3sin” x —sin2x —cos® x =3

c/2sin’ x ++/3sin2x =3 sin dox

k/ 3sin’2x-— —4cos*2x=2

d/6¢cos’ x+4sinxcosx =1
m/ sin® x+2sin® x.cosx—3cos’ x =0

e/4cos2£+4sinx+3sin2§:0

Bai 6 PHUONG TRINH DOI XUNG

POI VOI SINU VA COSU.

A/ PHUONG PHAP:

Dang: a(sinu +cosu)+b.sinucosu +c =0

Cach giai :
bat t =sinu +cosu = \/Esin(u +%j = \/Ecos(u —%j

Voidk: —J2<t<2




|

= sinucosu =

Thé vao pt ta duoc ptdang : Af* +Bt+C=0.Giagitimt, = u.
*Chu y : Pt dang a(sinu - cosu) +b.sinucosu +c =0, giai twong ty bang cach dit :

1-£

Jdk: —2<t<2

. . T .
t=SInu—cosu = \/ESII’I(M—ZJ = SIucosu =

B/ BAI TAP:

Giai cac phuong trinh sau :

a/3(sinx+cosx)+4sinxcosx+3:0 f/ sin2x—12(cosx—sinx)+12=0
c/cosx—sinx—2sin2x—1=0

h/ l+sin3x+cos3x=§sin2x
d/2(sinx+cosx)=2sin2x+1 2

e/ sin2x+x/§cos(x—%j=l

Biai7 MOT SO PHUONG TRINH LUQNG GIAC KHAC.

A/ PHUONG PHAP;

St dung cac phep bién ddi sau dé dua pt vé cac dang da
biét cach giai:
A=0
a/ PT tich : AB=0<
B=0
b/ Tong 2 s6 khong 4m :
A>0&B >0 A=0
<
A+B=0 B=0
¢/ Hai vé bj chin :
A<M A<M
- B>M & e B<N =
B=M =
A=B A+B=M+N
|4]<1
A=B=1
o |B|£1 &
A=B=-1
AB =1
B/ BAI TAP:




1/ Giai cac phwong trinh sau :
a/sin2x—2cosx=0
b/sinx+sin3x+sin5x=0

c¢/cos3x—cosdx+cosS5x=0

d/ cos4x+sin97x—0055x20

e/ sin5x+sinx —1=—-2sin* x

2/ Gidi cac phuwong trinh sau :
a/sin2x+cosx=1+2sinx
b/\/zsin§+1 =COSX

c¢/sinx+sin2x+sin3x = cosx + cos2x + cos3x
d/tan2x—2tanx =0

e/2tanx+cotx =2sin2x+

sin2x

f/sin® x +cos’® x = 4cos” 2x

g/ 2cos’ %(l—sinx)+cos2 x=0
3/ Gidi cac phwong trinh sau :
a/sindx.cosl6x =1

b/sinx.cos2x =1

c/sin® x—2sinx+ 2 =sin’ 3x

d/4cos’x+3tan’ x —4/3cosx+2/3tanx+4 =0

o/ 1+sin2x +zcos 2x _ \/Esinx.sin 2y
1+cot” x
f/5 sinx+m =cos2x+3
1+ 2sin2x

f/ sin3x+sinx —2cosx =0

g/ 2sin’ 2x +sin 7x—1—sinx =0
h/ sin 2x.sin 5x = sin3x.sin4x
k/ sin” x +sin” 3x = 2sin” 2x

1/ cos2x —cos&x+cosb6x =1

h/ sin4x.sin 2x + sin 9x.sin 3x = cos’ x
k/ sin4x—cosx+2=cos3x+4sinx

I/ (2cos x—1)(2sin x +cos x) = sin 2x —sinx
m/ sinx(1+cosx)=1+cosx+cos’ x
n/ (2sinx—1)(2cos2x+2sinx+3) =4sin’ x -1

o/ (2cosx—1)(2cosx+2sinx+1)=3—4sin’ x




CHUONG 11 TO HOP — XAC SUAT.

Bai 1 QUY TAC PEM.

A/LY THUYET :

1/ Quy tic cong : q
Mot cong viéc co theé hoan thanh theo 2 phuong 4n A va B. C6 m céach thuc hién phuong
an A , ¢6 n cach thuc hién phuong an B. vy c6 m+n cach hoan thanh cong vié¢c.

2/ Quy tic nhan :

Mot cong viée co thé hoan thanh phai bao gdm ca 2 cong doan A va B. C6 m céch thuc
hién cong doan A, c6 n cach thuc hién cong doan B. vay ¢6 m.n cach hoan thanh cong
viéc.

B/ BAITAP :

1) Mot hop dung 10 vién bi tring, 8 vién bi xanh va 2 bi d6. Mot bé 16p 5 mudn lay
ra 1 vién bi dé choi. Hoi c6 bao nhiéu cach chon?
2) Mot doi van nghé ¢6 8 nam, 6 nit. Hoi c6 bao nhiéu cach chonhj ra mot doi saong
ca nam nir?
3) Trong mdt hdp cé 2 tdm thé do duoc danh s 1an luot 14 1, 2 va 3 tim thé tréng
duoc ghi chit 1an luot 13 a, b, c. C6 may cach 14y ra 2 tdm thé
a/ Cung mau ?
b/ Khéc mau ?
4) Tur cac chir s6 0,1,2,3.4,5 co thé 1ap duoc bao nhiéu
a/ Mat khau tai khoan gém 4 chit s6 ?
b/ Mat khau tai khoan gém 4 chit s6 khac nhau ?
¢/ Sb tu nhién gém 4 chit s6 ?
d/ S6 ty nhién gdm 4 chir s6 khac nhau ?
5) Tu cac chix $6 1,2,3,4,5 c6 thé 1ap dugc bao nhiéu
a/ Sb tu nhién 1& gdm 3 chir s6 ?
b/ S6 tu nhién 1é gdm 3 chir s khéac nhau ?
6) Tu cac chit s6 0, 1,2,3,4 c6 thé 1ap duoc bao nhiéu
a/ S6 tu nhién chin gdm 4 chir s6 ?
b/ S6 tu nhién chin gdm 4 chir s6 khac nhau ?
7) Tu cac chix $6 0, 1,2,3,4 ¢6 thé lap duoc bao nhiéu
a/ SO ty nhién gdm 4 chir s6 khac nhau trong d6 phai c6 mit chir s6 3 ?
b/ S tu nhién gém 4 chit s6 khac nhau trong d6 khong c¢6 mit chit s6 3 2
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8) Tu cac chir s6 1,2,3.4,5,6,7,8 co thé 1ap dugc bao nhiéu sb tu nhién gém 5 chur
s khac nhau va khong bat ddu bang 123 ?

9) Tu cac chir s6 1,2,3.4,5,6 cbthé lap duoc bao nhiéu sb tu nhién gém ba chit sb
khac nhau va chia hét cho 3?

10) T cac chir s6 1,2,3.4,5,6 c6thé lap duoc bao nhiéu $b tu nhién gém sau chir sd
khac nhau va chit s6 2 dung canh chit s6 3?

11) Tt cac chir s6 0,1,2,3,4,5,6,7 cb thé 1ap dugc bao nhiéu sb tu nhién gém nam
chir s6 khac nhau va mot trong ba chit s dau tién phai 1a chir s6 1 ?

12)Tur cac chir s6 0,1,2,3,4,5,6 co thé 1ap dugc bao nhiéu sb tu nhién g@)m bon  chit
s6 khac nhau, trong d6 ludn c6 mit chit s6 1 va chit s6 hang nghin 13 2 ?

Bai 2 HOAN VI - CHINH HOQP - TO HQP.

A/LY THUYKT :

*Giai thura :
Cho n € N, n giai thtra dugc xac dinh :
n!zn(n—l)(n—Z)....l

Nhu vay :
nl=n (n — 1)!
= n(n —1)(n —2)!

1/ Hoan vi : . ‘ N o ‘

Mot tap hop A gdbm n phan tir (n > 1 ). M61 mot cach sap xép n phan tir nay
theo thir tw duoc goi la mét hoan vi cta n phén tur do.
SO luong céc hoan vi ciia n phan t&r dugc ki hiéu la P va dugc x4c dinh :
P =n!

2/ Chinh hgp :

Mot tap hop A gém n phan tir (n > 1). M&i mét cach ldy ra k phan tir va sap xép
chung theo thir tw duoc goi 1a mot chinh hop chép k cua n phan tu.
Sd luong cac chinh hop chap k cuan phﬁn tir duoc ki hiéu la Af va xac dinh :

(=)

A = (1<k<n)

Nhu vay : A =n(n-1)..(n—k+1)
3/ Tohep : ‘ ‘ ) ‘ ‘
Mot tap hop A gdom n phan tir (n >1 ). Mo1 mot tap hop con cua A gom k phan tir
duoc goi 1a mot to hop chap k cua n phén tir duoc ki hiéu la Cf va xac dinh :
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" n!
= <k<
© = =) (0k<n)

*Tinh chat : oCh=Crt oCl+Ch =CF
B/ BAI TAP :

1/ Giai cac pt sau :

a/Px*—Px=8 g/12C"* -5C? =170

b/ A =20n hi2A> +50=A;,

c/C +C2+C} =5x il A2 +6C> =28n" +17n—480
d/ A +547 =2n+30 JlA+C? =14n

e/ A +2C* =16n k/3A4>+nP, =44’
f134>+5C =n’ —n’ 1/C+6C?+6C =9n* —14n

2/ Tir céc chit s6 1,2,3,4,5,6 c¢6 thé 1ap duoc bao nhiéu sé tu nhién
a/ Gom 4 chir s6 khac nhau ?
b/ GOm 4 chir sé khac nhau va phai chira chir s6 1 ?
¢/ GOm 4 chit s6 khac nhau va phai chira chit s6 2 va 5 ?

3/ Tu mdt hop dung 5 vién bi xanh va 7 vién bi vang ( cac vién bi ¢6 kich thudc khac
nhau) ¢ bao nhiéu cach lay ra

a/ 4 vién bi bat ki ?

b/ 4 vién bi cuing mdt mau ?

¢/ 4 vién bi trong d6 c6 1 vién mau xanh va 3 vién mau vang ?
d/ 4 vién bi trong d6 c6 it nhat 2 vién mau vang ?

4/ Mot doi xay dung gdm 10 céng nhan va 3 ki su. Co bao nhiéu cach lap mét to cong
tac c6 1 ki su lam t6 truong, 1 cong nhan lam t6 pho va 5 cong nhan 1am to vién ?

5/ M6t hop dung 4 quéa cau mau do, 5 qua cau mau trang va 6 qua cau mau xanh (kich
thudc cac qua cau khac nhau). Co bao nhi€u céach lay ra

a/ 4 qua cau sao cho c6 dung 2 qua cau mau dé ?

b/ 4 qua cau sao cho s0 qua cau mau do va s6 qua cau mau xanh bang nhau ?

12



¢/ 4 qua cau sao cho co it nhit 2 qua cdu mau tring ?
d/ 4 qua ciu sao cho c¢6 du ca ba mau ?
6/ Co6 bao nhiéu cach chia mdt nhom gém 9 hoc sinh thanh 3 nhém c¢6 2,3,4 hoc sinh ?

7/ C6 bao nhiéu cach sap xép mot nhém hoc sinh gdm 4 nam va 3 nit ngdi thanh mot
hang sao cho

a/ Ngbi tuy y ?
b/ Nam va nir xen k& ?
¢/ Nam ngdi ké nhau va nir ngdi ké nhau ?
d/ Chi c6 nit ngdi ké nhau ?
8/ C6 bao nhiéu cach sip xép 5 ban A, B, C, D, E ngdi vao mot ghé dai sao cho
a/ Ban C ngdi chinh giita ?
b/ Hai ban A va E ngdi & hai dau ?

9/ Trong phong hoc c6 hai cai ban dai , mdi ban c6 nim ghé. C6 bao nhiéu cach xép chd
ngoi cho 5 hoc sinh nam va 5 hoc sinh nir

a/ Ngdi tuyy ?
b/ Sao cho nam ngdi mot ban va nir ngdi mot ban ?

10/ T céc chir s6 1,2,3,4,5,6 ¢6 thé 1ap dugc bao nhiéu $b tu nhién gém sau chit sb
khac nhau ma hai chit s6 1 va 4 khong ding canh nhau ?

11/ C6 sau hoc sinh nam va ba hoc sinh nir xép hang doc di vao 16p. C6 bao nhiéu cach
xép dé c6 dung hai hoc sinh nam dung xen k& ba hoc sinh nit ?

12/ C6 bao nhiéu so ty nhién gdm nam chir s6 khac nhau va chia hét cho 10 ?

13/ C6 bao nhiéu s6 ty nhién gom sau chir sé khac nhau sao cho chir s6 hang nghin chia
hét cho 3 va phai c6 mit chit s6 0 ?

Bai 3 NHI THUC NEWTON.

A/LY THUYET :

(a+b)' =Cla" +Coa" b+ Cla"’b* +..+ Cia" b ..+ C'lab"" + CIb"

1
13



ey
i , k=0
So6 hang tong quat c6 dang :
Cra" b (ke N,k<n)
oC'+C +C +..+C! =2"
oC'—Cl+C2— 4+ (-1) Cror(-1) Cr =0

C'+C+CH+..=C+C +C +...=2""

B/ BAI TAP:

1/ Viét khai trién theo cong thirc nhi thirc Niu — ton :

4
a/(2x+\/§)4 b/ (4-m)’ c/(2a+3b) d/(sxz—z]

X

12
\ A A 1A A Y- , x 2
2/ Timhé so cia x* va hé so tu do trong khai trién cta (— ——j .
X

18
NS CLa 2
3/ Tim h¢ s0 cua — trong khai trién cua (xz ——j .

X X3

4/ Tim hé sé cua x° trong khai trién cta (x + 1)" , biét tong tit ca cac hé s trong khai

trién bang 1024.

4

10
3 A ’ . + R , 2
5/ Tim s6 hang chtra x° trong khai trién ctia (— - 3xj .
X

2008
6/ Tim s6 hang khong chira x trong khai trién cta (4x —%j .
X

48

A A CLA 1

7/ Tim h¢ s6 cua trong khai trién cua (\/_ ——J .
X

1
xzs \/;
Bai 4 BIEN CO VA XAC SUAT CUA BIEN CO.

A/LY THUYKT :
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OP(A): ”(A)
n(Q)
0<P(4)<1 P(Q)=1 ., P(@)=0
o4 =0\ A1abién cb dbi cua 4.
P(4)=1-P(4)

B/ BAI TAP :

1/ Gieo mot dong tién rdi gieo tiép con stic sic .
a/ Mo ta khong gian mau.
b/ Tinh xé4c sut ctia cac bién cb sau :
A : “Pdng tién xuat hién mat sap”
B : “Con stc sic xuét hién mit c6 5 chAm”

2/ Mot hop dung 4 qua cau xanh va 7 qua cau do (kich thudc khac nhau). Liy ngiu nhién
3 qua cau. Tinh x4c suat dé dugc ding mot qua ciu xanh.

3/ Khdi 12 ¢6 9 hoc sinh gioi, khéi 11 ¢6 10 hoc sinh gioi, khdi 10 ¢6 3 hoc sinh gidi.
Chon ngau nhién 2 trong cac hoc sinh dé. Tinh xé4c suit dé ca 2 hoc sinh duoc chon tir
cung mot khéi.

4/ Mot hop chura 4 bi d0, 5 bi trng, 6 bi xanh (kich thuéc khac nhau). Ly ra ngdu nhién
4 vién bi .Tinh x4c suat sao cho trong 4 vién bi 13y ra

a/ Co6 dung 2 bi xanh.

b/ S6 bi d6 va bi tring bang nhau.
¢/ Co it nhit 2 bi do .

d/ C6 nhiéu nhat 3 bi tring.

e/ Khong c6 du ba mau .

f/ C6 da ca ba mau.

5/ Mot hop chira 10 bi d6 duge danh sé tir 1 dén 10 va 20 bi xanh dugc danh sé tir 1 dén
20. LAy ngiu nhién 3 vién bi. Tinh x4c suét sao cho 3 vién bi ldy ra

a/ Ghi s 1é.
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b/ Mau do.
¢/ Mau d6 va ghi s6 1é.
d/ Mau xanh hodc ghi s chin.

6/ Mot nhom hoc sinh gdm 10 nam va 8 nit. Chon ngau nhién 6 hoc sinh dé tham gia vin
nghé. Tinh xac suét sao cho trong 6 hoc sinh chon ra

a/ C6 nhiéu nhét 2 nir.
b/ C6 it nhat 2 nam va it nhat 1 ni¥.

7/ Mot hop dung 9 thé duge danh s6 tir 1 dén 9. Rat ngiu nhién 2 thé va nhan hai s6 ghi
trén hai thé voi nhau. Tinh x4c suit dé

a/ Tich nhan duoc 14 s6 1é.

b/ Tich nhan duge 1 s chén.
8/ Bén khau phéo cao xa A,B,C,D cung ban doc 1ap vao mot muyc tiéu. Biét xac suit bin
2 4 5

P(B)=%. P(C)=%. P(D)=7.

tring clia cdc khau phéo trén tuong Gmg 1a P(4) = -

1
2 9
Tinh x4c suat dé muc tiéu bi trung dan.

Chuwong 111 DAY SO - CAP SO.
Bai 1 PHUONG PHAP QUY NAP.

A/LY THUYET :

Chirng minh ménh dé P(n) ding ¥n € N*.
Bl : Kiém tra P(n) dung voin=1.
B2: Gia thiét P(n) dung téin=k (k = 1)
B3: Cf}lﬁsng minh P(n) dung voi n=k+1 (van dyung gia thiét quy nap & B2)
B4: Két luan P(n) dang Yn € N~ .
*Ch ¥ : Néu bai todn yéu cdu chimg minh P(n) ding ¥n = p thi Bl ta kiém tra
v6in =p, B2 thi diéu kién k = p.

B/ BAI TAP :

1/ Chirng minh ¥n € N* :
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TOTOAN  TRUONGTHPTTRUNGLAP
n(n+1)

2
b/2+4+6+...+(2n)=n(n+1)

/P +22+3% +...+n’ = n{n+1)(2n+1)

al/l+2+3+...+n=

6

al/13+23+33+....+n3:%ﬂ)2

e/1.4+2.7+. ..+n(3n+1)=n(n+1)
f/$+2i.3+w+n.(nl+l):nril
2/ Ching minh Vin € N :

a/n(n+1) i 2 d/(n*+ 11n):6

b/ (n+1)(n+2)(n+3) : 6 e/ (13" —1) 16

¢/ (% +2n) i3 /(4" +15n—1):9

3/ Chirng minh :
a/2"=2n+1 (VYn=3,n€eN)

b/123...n>2"1 (Yn=3,n€eEN)

1 3 2n—1 1
/== ... < neN’
¢ 2 4 2n want+l C'-I( J
Bai 2 DAY SO.

A/ LY THUYET :

o Diy sb (u,,) dugc goi la day sé ting néu u,, ., > u,, Vn EN".

o Diy sb (u,,) dugc goi 1a day s6 gidm néuu,,; < u,, Vvn€ N*.

e Day sb (u,,) dugc goi la diy sb bi chiin trén néu c6 s6 M sao cho u,, < M,
VYn e N".

e Diysb (u,,) dugc goi la day s6 bi chiin dwéi néu co sé m sao cho u, =m,
YneN".

e Day so (u,,) dugc goi la day so bi chan néu vira bi chén trén vira bi chan dudi

1
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nghia 1a ¢c6 sO M va m sao cho m <n<M, Vn € N~.

B/ BAI TAP :

Zn—1

1/ Cho diy s6 (u,,) v6i Uy, =

n+3’
a/ Viét 5 s6 hang dau tién cta day s trén.
b/ Chirng minh déy s6 trén 1a day sb ting va bi chin.

2/ Viét 5 s6 hang dau tién cia diy sb :

1 o ]
— néun chan
P n
‘LLH o n o ¥
— néunle
n+1

3/ Cho day s6 (u,,) :

{ H1=3
Uper = 2U, (Nn=1)

a/ Tim 6 s6 hang dau tién cua day so.

b/ Tim sb hang tong quét cua day sb.

Bai 3 CAP SO CONG .
A/LY THUYET :
Cho (u,) 1a CSC
o Upyi =1Uy +d vneN”®
e U, =u +(n—1)d , vn = 2
° uk:w , Vn = 2
e DiatS,;, = Uy + Uz + "+ Uy, tachH:
nmn-—1)
Sn:‘ﬂul—l-Td
_on(uy +uy)
2

B/ BAI TAP:

1
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1/ Tim cong sai d ciia CSC (u, ) biét :

2/ Tim s6 hang dau va cong sai d ciia CSC biét :

Y luo = 28 “lug? +u,2=1170
\3“2 + 6“9 = _]. (IE.(I-; = ?5
c/ _ g/ ) 2 2
| S, = 16 a,2+a,? +ay? = 155
54‘ =9
d/ 45
Sﬁ - —

2

3/ Tim 3 canh ctia mot tam gidc vudng biét chiing l1ap thanh mot CSC va chu vi ctia tam
giac do 1a 6a.

4/ it thém bon s vao giita hai s6 -37 va 3 dé c6 mot CSC.
5/ Timx débasd x2+ 3x , x°, 3x% + 13x theo thir ty d6 lap thanh mot CSC.
6/ Cho CSC (u,) . Chirng minh :

Up—gtUuptk

5 , VYn>k

u‘j’[:

7/ Cho a, b, ¢ >0. Ching minh :

s 13 2 1 1 1 .
a<,b°,clalCsSC & , ’ [acsc
b+ec " c+a a+b
8/ Cho a, b, ¢ 1a ba s hang lién tiép ctia mot CSC. Chirng minh :
a*+ 8bc= (2b +¢)?
9/ Tinh tong : 1+4+7+....+148.
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Bai 4: CAP SO NHAN

A. Tom tit Iy thuyét

Céc cong thirc can nhd
(un) ACSNS u, =u, ,.q,Yn=2
u; =u, u,, (k > 2)
u, =u,.q" (n 22,q9# 0)
Sn:ul(l_q) (q¢1)
I-¢q
Chii ¥: a, b, ¢ 1ap thanh cip sé nhin < a.c = 5>

B. Bai tap
1. Cho cép sb nhan c6 sé hang dau la %, cong boi bang 2. Tinh Uy Uy
2. Mot cap sb6 nhan c6 6 s6 hang. S6 hang cudi 13 1, cong boi 1a % Tim s6 hang

dau.
3. Tim u, va g biét rang:

U, —u, =72
alu, =3us =27 b/{ v
u, —u, =50
o u, —u, =72 d/ u, —u, =-216
us —u, =144 us —u, =—72

o/ u, —u, +u; =—065
u, +u, =-325

4. Tim so hang dau va cong bdi cua cac cap so nhan sau:

o/ u, =15 b/ u, +u, =244
us =135 u, +u, =36
u, +u, +u, =13 u, —u, =72

c/ 1 2 3 d/ 4 2
{u4+u5+u6=351 us —u, =144

1. Xét mot cap s6 nhan co n s hang, cong bodi ¢, sb hang dau 1a u,, s6 hang
cubi u, va 'S latong cac sb hang:
a. Tinh u, vaSbiét: u =2;g=3n=5
b. Tinh ¢ va S biét: u, =5;n=6;u, =160
c. Tinh u, va Sbiét: ¢ =3;n=4u, =54
-
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d. Tinh u, va u, bit ¢ :%;n _6,5=63

e. Tinhnva S biét: ¢ =3;u, = 5;u, =10935
2. Mot cép s6 nhan co6 7 s6 hang, s6 hang cubi 1a 192, cong boi 1a 2. Tinh $6 hang
dau va tong cta cap sé nhan do.
3. Tim 3 s6 hang lién tiép ctia mot cap sd nhan biét rang tong sd cua ching 13 86
va tich sb cua chung 1a 1728.
4. Tim x dé 3 86 x—1;x+3;3x+1 1ap thanh cip s nhan.
5. Basd a, b, ¢ theo thir tu 1ap thanh mét cép s6 nhan.
a. Chimg minh rang: (a+b+c)a—-b+c)=a’ +b> +c°
b. Dinha,b,cbiét a+b+c=7,a> +b* +c* =21
6. Tinh cac tong sau:
a. S=l-x+x"-xX +x'—x +x*(x = -1
b. S=1+2+2>+..+2""
C. S=l+x+x"+x +..+x"

CHUONG 4: GIOI HAN

A. GIOI HAN CUA DAY SO
1/DAY SO CO GIOI HAN 0

A. Toém tit Iy thuyét.

G161 han dac biét

1. limC=C , C: hing s6

.1
2. lim—=0
n
3. limizo;limi=0;lim%=0(keN*)
Jn In n
14 S ’v
4. Cho day sb (u),(v )4 =" " S limu, =0
limv, =0
5. Néu |g|<1= limg" =0

B. Bai tap.
1. Chung minh cac diy sb véi s6 hang tong quat sau co gidi han 0
-
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_ =y
a u, = I
n+—
2
b. u,=—
!
sinn
c. u =
nvn +1

2. Chung minh rang hai day s6 (u,),(v,) c6 gi6i han 0

_ 1+cosn’ ., _ntsin2n

n

2n+1 7" nl4n

2/DAY SO CO GIOI HAN HU'U HAN

A. Toém tit ly thuyét:

1/Pinh nghia: Day s6 (u,) c6 gi6i han la sb thuc L néu lim(u, — L) = 0
Viét: lim(u,) = L hodc limu, = L hodc u, — L
Day s6 cO 2161 han 1a mot s6 thuc goi la day s6 ¢ 2161 han hiru han.
2/Tinh chat:
l. limc=c
2. Gidsu limu, = L thi:
Jim3fu, =31
b. Néu u, >0, Vn = L>0,lim\Ju, =JL
3. Giast limu, =L, limv, = M, va c 1a hang s6 thi:
l. lim(u, £v,)=LtM
2. limu,v, =LM

3. limcu, =cL

a. limfu,|=|L

4. tim™ =L 20
M
4. Tong cap s6 nhan Iui vo han:
Neéu cép s0 nhan ¢6 |g| <1 thi:

u,

l—¢q

-1
S=u +ug+..+uqg" +.=

B. Bai tip:
1. Tim limu,:
. _________________________________________________________________________________________________________________|
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2
a/lim 2! b/ lim > 12
3n+2 2n” +1
2 2 _
o/lim =2 +2”+23 d/lim 2=t _”“
2n+1) 4n—2
6 3_ n n
e/lim 23"~ f/lim> >0
2n° +n’ +2 4" +2
n n 2
g/hmu n/limn“—nzl
23" +4" 2n" —n"+7

3/ DAY SO CO GIOI HAN VO CUC

A. Tém tit Iy thuyét.

Gioi han dac biét:

limn* =+ , k nguyén duong
limg" =+ néu ¢ >1

Quy tic tim gi¢i han vo cuc:

a/ Quy tic 1:

limu, limv, lim(u,.v,)
+00 +00 +00
+00 —00 —o0
—0 +00 —0
—® —0 ~+00

b/ Quy tac 2:
limu, limv, =L #0 lim(u,.v,)
Déu cua L
+00 + +00
+00 - —0
—00 + —o0
—0 - +00

¢/ Quy tic 3:
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lim%tn =L+#0 li,rnvn =0 lim e
Dau cua L Dau cua v, v,
+ + +00
+ - —o0
- + —o0
- - +o0

B. Bai tap.

1. Tim gi61 han cia cic day s6 (u,) sau voi:

al u, =-n*-50n+11

c/u, =50 =3n+7

2. Tim gi6i han cta cac day so (u,) voi:

b/u, =7n* —n’

d/u, =~2n +n* +7

3 4_ 2
a/un=3n n b/unz 2n" —n"+7
2n+15 3n+5
o/ u =2;12—15;1+11 du :(2n+1)(l—3n)
! N3t —n+3 ’ In* +7n* =5
n n+l n
o/ = 3" -11 oy =2 -35"+3
to1+7.2" " 74" +3.2"
4/ BAL TAP TONG HOP
Bai 1: Tim cac gidi han sau:
2 2 _
1) lim7n 25n+1 2) lim 3n-=7Tn+5
2n° +4 (2n+1)(Bn+4)
3) lim (n* +1)(n—1)° 4 lim 2n+1
(n+1)(2n +3)’ 3n° +n
3 — —_
5) lim 211 tzn ! 6) lim—" "L
3n“+n n—-n+3
2 _ _ 2
7) 1im—2”2 3nt5 8) lim—i 2n
Sn”+3n—-4 3n +2n+1
2 12 3o 3
9) lim ( +1)(n_ 1)3 10) limM
(n+1)(3n-2) n+2

2 —_—
11) hm@
S5n”+1

(n* +D)(n-3)+n’ -2
@2n* +1D(3-n)

12)lim
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nn + ) +3)
(n+1)(n-3)

n(3n® —2)(4n’ +5)
(2n2 —3)3

13) lim

15) lim

(n* —n—6)(3n+4)

17) lim 5
2n(4+n—-n")

An* —n* +1
Q2n+1D)(3—-n)(n* +2)

19) lim

Bai 2: Tim cac gidi han sau:

1) lim(vn* +2n —n)

14) lim

16) lim

18) lim

20) lim

3) lim(\n? —2n—1-n? =31 +3)

5) lim(\/n2 —3n —n+5)
7) lim(v'n* +n+1—n)

9) lim(\3/n3 +n’ —n)

Bai 3: Tim cac gidi han sau:

D1limRYn’ —2n° —2n+1)

3) limn(\n® +1-~/n> —1)

Bai 4: Tim céac gioi han sau:

4" +1
4" -1
43" 45"
m——
32" +5"
22n+1 _3}1 +3
m——
32"+7.4"

1)lim

3) i

5) Ii

2n' —n+4
2nt —n® +1
2n* = 2Jn +8
—n’ +3dn -7
Qn+1D)(n-1)Gn-4)
(6n+1)°

Q2n* +1y’(n—-1)
3(n+1)°’(Bn-2)

2) im(\2n+1-+/n)

4) im(N4n* +4 —n* +3)

6) lim(2n—l—\/4n2—6n+7)
8) lim(x/zn—\/2n2 +3n—5)

N3n? +1-n* -1
n

10) lim

2) limn.(/n’ +1-n)
n(2-n’ +n)
Jn*+1-n

4) lim

3n+1 _ 2n+1
3"+ 2"
7.2" +4"
m—
23" +4"
3+4"
1+3.4"

2) lim

4) li

6) lim

B.GIOI HAN CUA HAM SO
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1. PINH NGHIA GIOI HAN
A. Tém tit 1y thuyét.

Gioi han dac biét
e limx=x,

X=Xy

e limC=C,voiClahangso
X=X

e V&1 moi s6 nguyén duong k ta cé
a) lim x* = +o0

X—>+00

by lim =4 0 €20
x>0 -0 (k=2n+1)
.1

©) lim =0
.1

d) lim = =0

1. Cac dinh li vé giéi han hiru han:
Pinh ly 1:

Gia st
lim f(x) = L,limg(x) =M,(L,M € R),c = const
thi:

a) lim[f()+g)]=L+M
b) lim[/(x)-g(0)]=L-M

c) lim [f(x).g(x)] =LM;lim [C.f(x)] =clL
d) Néu M #0 thi limZ&® - £

XX g(x) M
DPinh 1y 2:

2) lim| /(0] =1
b)lim3/f(x) =L
cNéu f(x)=0,VxeJ\{x,} trong d J 12 mot khoang niao d6 chira x, thi

L>0va limyf(x) =vL

Pinh 1y 3: ( Dinh 1y kep vé gidi han ciia ham s) ,
Gia so J la mot khoang chtra x, va f,g,h la ba ham s6 xac dinh trén

J\{xo} . Néu f(x) < g(x)<h(x),Vx e J\{xo} va ll_)rxno f(x)= }erno h(x)=L thi
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limg(x)=L
Pinh Iy 4: 1im 22 =1
XX X

B. Bai tap.
Ap dung dinh nghia giéi han ham s, tinh cac giéi han sau:

2
a) lim = 2X 4 b lim—2 L
ool x” +3x+2 =2 (x=2)
¢) lim d) lim(x* +x-1)
X400 2x + 1 X——0
2. GIOI HAN MOT BEN
Bai tap

L. Tim lim /(x); lim f(x);lim £ (x) (néu c6) ctia ham sd:
x—3" x—3" x—

VI —x? (-3<x<3)
f(x)=<1 x=3
VX' =9 (x>3)

2. Tim céc gidi han mdt bén ciia ham so tai x,

Vad+x -2 (x>0) .
X tar x, =0

a) f(x)=
3 x<0)
1-x°

b) f0=1x=1 * taix, =1
2-x  (x=1)

Vx? =3x+2

C) f()C)=x2_—tal XO=1

S5x+4
3. Cho ham sb

x =1
o ={xg @b

ax+2(x>1)

Tim a dé lin’ll £(x) ton tai

4. Tim cac gidi han sau:
.-
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2
_ 2
D lim =2 2) tim- x|2
—0" x7 +x x—2 (x_z)
2 2
- . —-5x+1
3) lim XX =4 4) lim > 2X+10
x—2" x—z x5 X _25
4 3
5) lim — 3 6) lim—* 2
x>(-2)" 2x° +3x-2 ol x“—5x+4

3. GIOI HAN VO CUC — CAC DANG VO PINH
A. Tom tit Iy thuyét

Pinh li:
Néu lim|f(x)| = +oo thi lim =0
x—:xo | X=X, f()C)
Quy tac 1:
lim £ (x) lim g(x) =L #0 lim[ f(x).g(x)]
Dau ciia L
+00 + +o0
+00 - —00
—0 + —00
—0 - +00
Quy tic 2:
lim £(x)=L #0 lim g(x) = 0 e
Déu cta L Déu ciia g(x) " g(x)
400 + +00
+00 - —©
—00 + —0
—00 — —+00
B. Bai tip:
DANG 1: Ap dung truc tiép cac dinh Iy
1. Tim céac gidi han sau:
1) lim(x*+5x* -10) %) lim 2x-3
x—0 o x2 + 5
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3) lim —3x+1

3 (x 3)(x-2)

4) lim 2x—+8
=>2x° +11x+8

5) lim (2x* -3x" +1)

6) lim (-2x*+x* +3)
0
DANG 2: Dang (6)
2. Tim cac gioi han sau:

2
1)lim—; x —4
=2 x> —5x+6

X —5x" +3x+9
5)1 4 2
=3 X" —-8x" -9
2
7) hmx_l
o1 x? +3x 42
9) lim -3x+2
=l x —4x+3
4x’ —6x> +3x—1

11)lim
)x—>1 —x* +4x-3
3
13) lim 1+8x

x> L6x> +5x+1

4. Tim cac gioi han sau:

1) lim \/1+2x—1

x—0

3) im————

e

5)lim———

4x
=09+ x-3
7)lim V3+x—+3x+1

x—1 x3 — 1

2
7) lim
) s> X2+ x+5

8) lim (\/4x2 1142 —x)

X—>—00

2) lim —X6
—>2x> +5x+6
4) limx —23x+2

x—2 X _4

X+ x> +5x+3

6) lim

)Hl 2+3x-x
2

8) lim 6x" —5x+1

x_g 2x* —=7x+3

2
10)11m2 5x2 2x-3
=3 4x° —13x* +4x-3

X —xr—x+1

12) 1
) = x’ =3x+2
14) lim x—4

w4 x? —x—12

2) 1im2_2— Vx -3

x—7 X _9

4)lim

x—>8%/_ 2
6) lim 3—J5+x
S 5x
Vadx+1-3
4P

8) lim

x—2
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. oAx+3-2 oA+ x —+1l—x
9) lim——— 10) lim
x—1 x - x—0 X
o Nx+l =Xt +x+1 .o Xx—~x+2
11)lim 12) lim————
¥0 X =24x+1-3
13) fim x+1+Jx+4-3 14) lim\/3x+l—2\/4x+5+1
x—0 X x—1 X —1
5. Tim céc gidi han sau:
. RIx+7-2 C1-31—x
1) lim——— 2) im————
x—1 \/;_1 x—0 3x
3/ _ 3 —
3) 1im—xj6 2 4) lim Y4 =2
-2 x" =4 -2 x—=2
3 3 _ _
5) fim L 6) lim X1 =VI=x
x—>-1 x2+3_2 x—0 X
DANG 3: Dang (fj
o0
6. Tim céac gioi han sau:
1) lim 25! Q) [im Yx =X +5x
i x — ) lIim ——
. ) oo 2x+1
) +3x°+5
2) lim ——> X 2x—1+4x—]
o 4x” +5x° —x+1 9) lim
; ; 5 X—>+00 1—2X
. X —

3) Jlim ——— 10) Tim ———2
e o xt —x =1
++/4x

4) lim ———— Oyt —

)xa—oo 1-3x 11) lim X Sx+x+1

xo-n 3x7 4+ 2x+1

. x —=5x+1
5))}31}0 3 _ . A9xT—2x+5x-1
X 12) lim 1
X—>—0 X —

. (2x" +1)(5-3x)

6) lim ——
- (x° +3x)(2x +5)

x>0 2x* -1y

DANG 4: Dang (o0 —)

7. Tim céc gioi han sau:

1
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1) lim (\/)c2 +x+1 —x)

X—>+0

2) lim (\/)Cz +3x+2 —/x° —x+1)

X——0

3) lim (vx* +x +x)

X—>—0

4) lim

X—>+0

(
(

5) lim(2x—1—\/4x2—4x+3)
(

4x2—4x+3—2x—3)

X+

6) lim 1—3x—\/9x2—2x+1)
DANG 5: Dang (0.)

8. Tim céc gi61 han sau:

1) lim l\/x2 +5

xX—>Fo0 X

RN
2) limE-1
) I =3 3y

3) lim l(\/4x2 +1 —x)

X—>—0 x

DANG 6: Gi61 han ham lugng giac

9. Tim céc gidi han sau:

1) lim sin3x
x—0 X

X
sin® =
3) lim

x—0 X

2

5)lim 1—-cos2x

=0 xsinx

7) lim[tanx—smx}

x—0 3

X

9) lim sin 2x

=0 x+1-1

1—-cos4x
2

11)lim

x—0 2x

x>+

8) lim (\3/x3 +x° —x)

X—>+00

7) lim (\/x2 +2x —2\/x2 + X +x)

2 1
9) lim —
) Hl(xz—l x—l‘)
1 1
10) lim +
)HZ(xz—3x+2 X =5x+6
1) fim(————1

o> l—x 1-x°

. 3x—-11
4) XIEEO(I —2x) ST
5) lim (x+2),| 2!
X—>+0 x + x
2) lim sin Sx
x—0 2_x
4)lim tan 2x
x—0 X
6) lim—2%
x=0 tan 2x
8) lim xsinSx
=01 —cosx
o N2x+1=x+1
10) lim :
x>0 s x
. 2 _
12) lim V1+ snT ;c CcoS X
x>0 sin” x
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4. HAM SO LIEN TUC

A. Tém tit ly thuyét

Pé xét tinh lién tyc ctia ham s6 y = f(x) tai diém xo ta thyuc hién cac budc:
e Budce 1: Tinh f(x,)
e Budc 2: Tinh lim f(x) (trong nhiéu truong hop dé tinh lim f(x) ta can tinh
lim f(x)va lim f(x))

e Budc 3: So sanh lim f(x)va f(x,)rdi két luan

Chi y: Ham s6 khong lién tuc tai xo goi 12 gidn doan tai xo.

B. Bai tap

1. Xét tinh lién tuc ctia ham sb tai x,

2-Tx+5x =x°

/(=1 x_sxs2 7 taix, =2
1 (x=2)
oI ()

b) f=1 * 4 ai x, =2
i =)
FAxr2 oL

¢) f(=1 © T tai x, = -1
i (x=-1)
3
ﬁ (x % 4)

d) f(x)= x+5-3 tai x, =4
2x2—5 (x=4)
¥ —x?+2x-2

e) f(x)= x—1 (1) tai x, =1
4 (x=1)
1-+/2x-3 )

f) f(x)= 2—x (x#2) tai x, =2
3-x (x=2)

2. Xét tinh lién tuc ctia ham sb tai X,
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XS (x>5)
a) f(x)=<4Jx—-1-2 tai x, =5
(x-5)°+3 x<5)
_]2x+l x> .
b) /(x) = {1+2cos(x-l) x<ny A H=0
Nx+3-2 (x>1)
x—1
c) f(x)= % (x=1) taix, =1
x' -1
x*+6x-7 <)

2. Tim a, b dé ham s0 lién tuc tai x,

VI-x* -1

Q) f()=1" % 0) i x =0
a (x=0)
VI-x—-+x+1 (x<0)
b) £(x) = X tai x, =
4—x
a+ (x > 0)
x+2
3x° +5x-2
¢) f(X)=7  x+2 x#72) i X, =2
a (x=-2)
X —x—6 .
m ( khi X(X-3) * 0)
d) f(x)=1a (khi x=0) tai x, =0,x, =3
b (khi x=3)
3. Tim diém gian doan cta ham so:
D) /()= — b) f() = 2
X —x X =2x"—x+2
o 2x+1 _ x* +1(x #0)
= DI {2(x=0)

4. Xét tinh lién tuc ctia ham sd trén R
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X -i;x+2 (x £-1)
a) f()=1 **
4 (x=-1)
3
2x° =3x* +1 (1)
1-x
b) f(x) =11 (x=1)
3x+2 (x<1)
X —x*+2x-2
Ofw={  x-1 &7V
4 (x=1)

5. Chung minh rang phuong trinh sau:
a)3x> +2x—2=0 c6 it nhat 1 nghiém
b)4x* +2x? —x—3 =0 co it nhat hai nghiém phan biét trén (~1;1)
¢)x’ —3x+1=0 c6 3 nghiém phan biét.
d)x* —x-3=0 c6 nghiém x, € (1;2) va x, > N2
e)x* —3x> +5x—6=0 co it nhat 1 nghiém thudc (1;2)
Chuong 5: PAO HAM

1. PINH NGHIiA PAO HAM
A. Tom tit Iy thuyét

1. Pao ham ciia ham so tai 1 diém:
f(x)_f(xo) khi x

X=X,

Pinh nghia: Giéi han hiru han (néu c6) cua ti s6

dan dén x, dugc goi la dao ham ctia ham so6 da cho tai diém x,, ki hi¢u

f'(x,) hodc y'(x,), nghiala: f (x,)= limM
XX x —_ x()
Nhan xét:
Néu ham s6 y = f(x) c6 dao ham tai diém x, thi n6 lién tuc tai x,
Y nghia hinh hoc ciia dao ham:
Dao ham ctia ham s6 y = f(x) tai diém x,1a hé so6 goc cua tiép tuyén

ctia d6 thi ham s6 d6 tai diém M, (x,; f(x,))

1
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Y nghia co hoc cia dao ham: ,
Van toc tuc thoi v(z,) tai thoi diém ¢, (hay van toc tai ¢, ) cia mot
chuyén dong c6 phuong trinh s = s(¢) bang dao ham ctia ham s6 s = s(¢)
tai thoi diém ¢, , tic 1a: v(z,) = 5'(z,)

2. Pao ham ciia ham s6 trén 1 khoing
a. Ham sb f goi la c6 dao ham trén J néu nd co dao ham f(x) tai

moi diém xeJ

b. Néuham sd f c6 dao ham trén J thi ham s ' xac dinh boi

f :J >R goila dao ham cua ham s6 1
/()

Pao ham ctia ham s6 y = f(x) cling dugc ki hiéu boi »'

B. Bai tap

Dung dinh nghia tinh dao ham cua ham s6 tai diém d3 chi ra:
a) f(x)=2x"—4x+1 tai x, =1

b) f(x)=~+2x+1 tai x,=4

0 (=5

2
d) f(x) = %2’;” taix, =0

tai x, =2

e) f(x)=+vx*+1 tai x, =-2
f)f(x)=%x4—x3+5 tai x, =4
2. DUNG QUI TAC DE TiNH PAO HAM CUA HAM SO

A. CAC QUI TAC TiNH PAO HAM
u+v)'=u'+v'

u—-v)'=u'"-v'

wv)'=u'v+uv'

u u'v—uy'
(&)=
v v
P2ao ham ham s6 hop

g)=flu(x)] thi g'. =", u',
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BANG CONG THUC PAO HAM

(¢)'=0 (cla héng sé)
(x)'=1
(kx)'=k

(x")' =nx""'(neN,n>2)

(D)'= 5 (x#0)
X X

1

(ku)'=ku'
W")'=nu""u'(ne N,n>2)

()= w=0)
u u

(i)' = 23'; (u>0)

Wx)'=——=(x>0)
2Jx
(sinx)'=cosx
(cosx)'=—sinx
(tanx)'=———=1+tan’ x
cos® x
(cotx)'= __21 = —(1+ cot’ x)
sin” x

(sinu)'=u'cosu

(cosu)'=—u'sinu
'
' ' 2
(tanu)'=———=u'(1+tan" u)
cos” u
' —u' [ 2
(cotu)'=———=—u'(l+cot” u)
sin” u

B. Bai tap

Bai 1: Tinh dao ham cta cac ham so sau:

Dy =2x*-7x"+5x* —6x+7
2)y =(2x" +2)(x* +1)

3)y =x>(2x° =1)(5x* +x)
4)y=(x"-1)(x*-2)

3-2x
5 =
)y x+7

2x—4

1)y =(x"—4x+1)°
12)y = (x" +2x*)

13)y= (x3-i3+3x)5
X

2x+9)°
y:( )
x+1

1
15S)y=————
¥ (x* =3x+1)’

1
16)y = 3y

17)y =~2x* -4
18) y=+/3x”> —5x

_1+\/;
lg)y_l—\/}

14)
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20)y = 22)y=4J(25-5*)

X
VX' +1
21) y=xvx>+1

Bai 2: Tinh dao ham cua cac ham so sau:

= =7sinx+8
DI tas;;x o Sy=1x)= sin x -I)fCOS X
by =fx)==" .
X  sinx gly=/()= COS X
Wy =7)= sin x +T h)y =sin® 2x

. k)y = cos+/1+sin® x
sin x —cos x

d)y:f(x):sinx+cosx )y =1+4tan” x
e)y= f(x)=cos7x

Bai 3: Cho ham sd f(x)=x’ +x* —2x-3.
Chémg minh: £'(1)+ £(~1) = —4 £(0)

Bai 4: Cho ham sé f(x) =1+L2+L3 . Tinh 7'(1)
X X X
2 3
Bai 5: Cho ham s6 f(x) = 2: g(x) = %—% Giai bt phuong trinh £(x) < g'(x)
X

3. TIEP TUYEN

Néu ham s y = f(x) c6 dao ham tai diém x, thi tiép tuyén ciia d6 thi ham s6
tai diém M, (x,; f(x,)) c6 phuong trinh la:
y= f'(xo)(x_xo)+f(x0)

Bai tap:

Bai 1: Cho ham s6 y = f(x) = 2x’ —3x’ c6 d6 thi (C). Viét phuong trinh tiép

tuyén cua (C) :

a) Taidiém B(-3;2).

b) Tai diém c6 hoanh do bang -1.

¢) Tai diém c6 tung do bang 0.

d) Biét ti€p tuyén c6 hé s6 géc bang 12.

e) Biét ti€p tuyén song song voi duong thang (d):y =36x+2021

Bai 2: Viét phuong trinh tiép tuyén cta (C): y = f(x) =x> —2x+3
I ——————
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a) Tai x, =-1
b) Biét tiép tuyén song song v6i Ox
¢) Biét tiép tuyén song song voi dudng thing 4x—2y+5=0
d) Biét tiép tuyén vudng goc véi duong théng x+4y=0
e) Biét tiép tuyén vudng goc véi phan giac thir nhat cia mit phing toa do
3x-2
x—1

Bai 3: Viét phuong trinh tiép tuyén cta (C):y = f(x) =

a) Tai diém c6 tung do bang %

b) Biét tiép tuyén song song v4i dudng thing x+y-3=0
¢) Biét tiép tuyén vudng goc véi duong thang —4x+y—4=0
d) Biét tiép tuyén di qua diém A(2;0)

Bai 4: Goi (C) 12 d6 thi ham s6 y = x* — 6x? + 9x +1. Viét phuong trinh tiép
tuyén (d) cta (C)

a) Tai diém M c6 hoanh d9 bang 1

b) Song song v&i dudng thang y = 9x +2

c) Ké tir diém A(0;1)

d) Cung phuong Ox

e) Co hé s6 goc nho nhat

Bai 5: Goi (C):y=x"—5x" +2

Viét phuong trinh tiép tuyén (D) ctia ( C) sao cho tiép tuyén do:
a) Tiép xtic (C) tai diém A c¢6 x, =3

b) Vudng goc v4i duong thang y = %x -4

¢) Song song voi duong thang y = -3x+1

d) Di qua diém B(0;2)

2—x+x2

Bai 6: Cho ham s6 y = c¢6 db thi ( C). Viét phuong trinh tiép tuyén

cua ( C):

a) Tai diém M(2;4)
b) Tiép tuyén c6 hé sb goc k =1
¢) Tai giao diém cua (C ) va tryc tung.
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4.PDAO HAM CAP HAI

Dinh nghia: )

Cho ham s6 f c6 daoham f'.Néu f' cling c6 dao ham thi dao ham ctua
n6 duoc goi 1a dao ham cép hai cia ham f va ki hiéula ", tac Ia
F"=(f")".Khidé £’ conduge goi la dao ham cap mot caa ham sb £
Pao ham cip hai ciia ham sé y = f(x) con duoc ki hiéu 1a »"

Bai tap

Bai 1: Tinh dao ham cép hai ctia ham s6 y =sin 7x
Bai 2:
a) Cho ham s y = xsinx. Chimg minh: xy—2(y'-sinx)+xy"=0
b) Cho ham sé y = x_‘i Chimg minh: 2(y')* = (y—1)y"
x+

¢) Chohamsd y=+2x+x? . Chimg minh: »’y"+1=0
Hét
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PHAN II: HINH HQC
Chuongl  PHEP DOI HINH VA PHEP PONG DANG TRONG MAT PHANG.
Bai 1 PHEP TINH TIEN .

A/LY THUYET :

- Dh: T;(M) = M < MM = ¥
- Véi V(a;b), M(x;y) ; M'(x';y") taco biéu thirc toa do
X'=x+ta
[y’ =y+b
- Phép tinh tién bién :
o Duong thang thanh dudng thang song song hoic tring véi no.
e Duong tron thanh dudng tron c6 ban kinh bang nhau R’ = R.
*Tim anh cia duwdng thing (d) : ax+by+e=0 (1)
Goi (d") 1a anh cua d.
Cich 1 : (lay 2 diem thudc dudng thang) 7
e Chon 2 diém A, B thudc duong thang (d) .
e Timanh A',B'cua A,B.
o Viét pt duong thang (d")1a duong thang di qua 2 diém A',B’.
Cach 2 : (dua vao t/c song song hodc trung)
* Do (d') song song hodc trung v&i (d) nén pt cua (d') c6 dang :
ax+by+tn =0 (2)
= Chon mot diém M € (d). Tim anh M’ = Tz(M).
= Thétoaddciia M'vao pt(2) tim dugcn = pt (d') .
Cach 3 : (biéu thirc toa do)
= Lay M(x;y) € (d). Goi M'(x";y") = To(M). Taco:
x'=x+a x=x'—a
[Yr:}r_l_b <~ :yr_b()
= Thé hé (*) vao pt (1) ctia duong thang (d) = pt (d') .
*Tim dnh cia dwong tron (C):
Cach 1: (Tim tam va ban kinh)
o Tim tam I va ban kinh R ctua duong tron (C).
o Timtam ' = Tz(I).
o Duong tron anh (C") ¢6 tm I’ va ban kinh R' = R.

Cach 2 : (st dung biéu thirc toa do).
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B/ BAI TAP :

1/ Cho ©#(—2;5), diém A(3;-8) , diém B(-4:-1) . Tim anh cta hai diém A , B qua phép
tinh tién T .

2/ Tim anh ctia dudng thang (d): 5x-9y+2=0 qua phép tinh tién theo vecto U(3;—5).

3/ Tim anh cua duong tron (C) : (x — 1)% + (y + 5)? = 4 qua phép tinh tién theo
vecto W(9;—2).

ez . =2-1t
4/ Cho hai diém M(0;-6), N(-5:1) va duong thang (1) : [}jx_ _34 9t Tim anh cia
dudng thing (1) qua phép tinh tién theo vecto MN .

5/ Tim anh ctia duong tron (T) : x2 + y2 — 2x + 4y — 4 = 0 qua phép tinh tién theo
vecto 1(4;—7),

6/ Cho A(-4;9) , B(8;2). Tim anh ctia dudng thang AB qua phép tinh tién theo vecto
X(5;—7).

7/ Cho I(1;-8) , d(4;-3). Tim diém J sao cho I 1a anh ctia J qua phép tinh tién theo vecto

24.

8/ Cho 5(7;2) , dudng thing A : 4x-y+5=0. Tim duong thing D sao cho A 14 anh cia D

qua phép tinh tién theo vecto —5b.

9/ Cho ¢(-4;9), duong tron (K): x + y% + 6x — 4y — 36 = 0. Tim duong tron (L) sao
14 2 -

cho duong tron (K) 1a anh cua (L) qua phép tinh tién theo vecto 3 C.

Bai 2 PHEP QUAY.

A/LY THUYET :

- P/n: Phép quay tdm O, goc quay a bién diém M thanh diém M’

, OM=0M’
QoM =M" {[DM,DM’) =«
- Biéu thuc toa d6 khi tAm quay la gbc toa dd O va goc quay dic biét. Goi M(x;y)
M5y -
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r

. saqno . X =¥
e goOc quay la 907 : {}r’=x
e goc quay la —90° : {;f _:_:’;:
e gbcquayla 1809 : E; i :;

- Phép quay bién :
+ Puong thdng thanh duong thing, Dac biét khi goc quay 1a +90° thi
duong thang bién thanh duong thang vudng géc véi n6 ; khi goc quay 1a 180° thi duong
thang bién thanh duong thing song song hoic triung vai nd.
+ Pudng tron thanh dudng tron ¢6 ban kinh bang nhau R’ = R.

B/ BAI TAP :

Tim anh cua diém A(-2;-7) , dudng thiang d: 9x-4y+3=0,
duong tron (C): (x + 1)2 + (y —8)2 =16 qua:

a/ Phép quay tam O, goc quay la 909,

b/ Phép quay tim O, goc quay la —90°,

¢/ Phép quay tam O, goc quay la 1807 .
Bai 3 PHEP VI TU .

A/LY THUYET :

- D/n:Phép vity tim I, ti s6 k#0 bién diém M thanh diém M’
o IM =kIM

- Véitamvite 10xr;yr)
, M(x;y), M'(x";y") taco biéu thirc toa do:
x' =kx+(1-k)x;
v =ky+(1-ky,
- Phép vitutisdk bién:
e DPuong thing thanh dudng thing song song hoic tring voi nd.

e Dudng tron thanh duong tron c6 ban kinh ti 1¢ nhau R' = |k|.R.
|
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*Tim anh cia dwong thing (d) :

Cach 1 : (lay 2 diém thudc duong thing)
Céach 2 : (dua vao t/c song song hodc trung)
Cach 3 : (biéu thuc toa do)

*Tim anh cua dwong tron (C):
Cach1: (Tim tdm va bankinh R' = |k|.R)

Cach 2 : str dung biéu thirc toa do.

B/ BAI TAP :

1/ Tim anh cta diém A(0;-5) qua phép vi tir tam I(-3:4), ti 86 2.
2/ Tim anh cua duong thang (d): 6x-2y+1=0 qua phép vi tu tim B(7;3), ti s -4.

. x=—3+5t .
3/ Tim anh ctua duong thang (D): [ y=8—12t qua phép vi tu tdm C(-6;0), ti sO -7.

4/ Tim anh cta duong tron (C) : (x + 3)* + (y + 5)% = 25 qua phép vi ty tAm
J(-4;-6), ti s6 9.

5/ Tim anh cta duong tron (T) : x* + y2 — 8x + 7 = 0 qua phép vi tu tAm
H(0;-5), ti sb -2.

6/ Tim diém A c6 anh 1a diém B(-3;2) qua phép vi tu tam M(4;-1), ti s6 3.

7/ Tim dudng thang (d) c¢6 anh 1a dudong thang (t): 2x-3y+6 =0 qua phép vi ty tim N(-
2;0), ti s6 -5.

8/ Tim duong tron (C) ¢6 anh la dudng tron (L) : (x +9)* + (y — 3)* =1 quaphép
vi tu tim P(3:6), ti sd 7.

9/ Cho tam giac ABC cd dinh va diém D nim trén canh BC. Tim tip hop trung diém I
cua AD khi D di dong trén doan BC.

Bai 4 PHEP PONG DANG.

A/LY THUYKT :

1
43



- Phép dong dang c6 ti s6 k (k>0) bién 2 diém M, N lan luot thanh 2 diém
M' N'thi:
M'N’' = k.MN
- Céc phép tinh tién, quay, vi ty 1a cac phép dong dang.
- Néu thuc hién lién tiép 2 phép ddng dang c6 ti sé k va p thi ta dugc mot phép dong

dang co ti s0 kp.
B/BAI TAP :

1/ Tim anh cta diém M(5;-2) qua phép dong dang c6 dugc tir viée thuc hién lién tiép
phép tinh tién theo vecto B(-1;6) va phép quay tam O, goc quay 1a 90°.

2/ Tim anh cua duong thang (d): 3x-y+4=0 qua phép dong dang c6 duoc tir viée thyuc hién
lién tiép phép quay tam O, goc quay 1a —90° va phép vi tu tam 1(-3;4), ti s6 -2.

3/ Tim anh ctia duong tron (C) : (x — 3)? + (v + 4)? = 49 qua phép dong dang co

duoc tir viée thue hién lién tiép phép vi tu tam I(8;-5), ti sé 3 va phép tinh tién theo vecto
=
v(2;-9).

4/ Tim anh cua duong thang (d): 2x+5y-1=0 qua phép déng dang c6 duoc tir viéc thuc
hién lién tiép phép vi tu tim 1(0;-7), ti s 3 va phép quay tim O, gbc quay 1a —90°.

Chuwong 11 PUONG THANG VA MAT PHANG
TRONG KHONG GIAN.
QUAN HE SONG SONG.
Biail DPAI CUONG VE PUONG THANG VA MAT PHANG.

Vin dé 1: XAC PINH GIAO TUYEN CUA 2 MAT PHANG.

PP: Tim 2 diém chung cta 2 mp .Giao tuyén 1a duong thang di qua 2 diém chung do.
*Chu y : Tim diém chung cua 2 ‘mp bang cach tim 2 duong thang lan lugt nam trong
2 mp ma cit duoc nhau , tim giao diém cua 2 dudng thing do.

1/ Cho t&r dién ABCD. Goi LJ lan luot la trung diém cac canh AD va BC.
a/ Tim giao tuyén ctia hai mp (IBC) va (JAD).

b/ Goi M, N 14 hai diém 1an lugt ndm trén cac doan AB , AC. Tim giao tuyén cua hai
mp (IBC) va (DMN).

2/ Cho hinh chép S.ABCD c6 AD va BC khong song song. Tim giao tuyén cta hai mp :
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a/ (SAC) va (SBD)
b/ (SAD) va (SBC)

3/ Cho hinh chép S.ABCD. Goi M 1a diém nam ¢ mién trong ctia tam gidc SCD. Tim
giao tuyén ctia hai mp (SBM) va (SACQ).

4/ Cho hinh chop S.ABCD. Liy I va J trén cic doan SA va SB sao cho 1J khong song
song v6i AB. Lay diém K nim & mién trong cua tr gidc ABCD. Tim giao tuyén cia
mp(IJK) 1an luot véi cac mp (ABCD), (SBC), (SAD).

5/ Cho tir dién ABCD,hai diém M va N lan lugt nim & mién trong ctia hai tam giac
ABD va ACD. Tim giao tuyén cta hai mp :

a/ (AMN) va (BCD)
b/ (DMN) va (ABC).

6/ Cho hinh chép S.ABCD, ABCD la hinh thang c¢6 day 16n 1a AB. Lay M trén doan SD.
Tim giao tuyén cta hai mp :

a/ (MBC) va (SAD)

b/ (MBC) va (SAC).

Vian dé 2: XAC PINH GIAO PIEM CUA

DUONG THANG a MAT PHANG(&) .

PP:
Huéng 1 :
- Tim mét dudng thing b c6 sin trong mp(a) va cit dugc a .
- Tim giao diém M cua 2 dudng thing a va b.
- Khi @6 M chinh 12 giao diém cta cua duong thang a va mp(a).

Huwdéng 2: (nho mp phu ()
- Tim mp(8) chtra dudng thang a.
- Tim giao tuyén b ctia 2 mp (&) va (B).
- Trong mp(8), tim giao diém M cua 2 dudng thang a va b.
- Khi d6 6 M chinh 1 giao diém cta cua duong thang a va mp(a)
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1/ Cho tir dién ABCD,hai diém I va J 1an lugt ndm trén hai canh AB va AD (IJ khong
song song BD). Xac dinh giao diém cua IJ va mp(BCD).

2/ Cho tir dién ABCD. Goi hai diém M va N lan luot 13 trung diém ctua AC va BC. Lay
diém K trén canh BD va khong tring véi trung diém cua BD. Xac dinh giao diém cua :

a/ CD vé1 (MNK)
b/ AD véi (MNK).

3/ Cho tir dién S.ABC. Goi hai diém I va H lan luot 13 trung diém ctia SA va AB. Trén
doan SC 1ay diém K sao cho KC=3KS.

a/ Tim giao diém cta BC va (IHK).
b/ Goi M 1 trung diém cua TH. Tim giao diém cta KM va (ABC).

4/ Cho hinh chép tir gidc S.ABCD. Lay diém M tuy y trén SC, diém N tuy y trén BC.
Tim giao diém cua :

a/ AM vai (SBD)
b/ SD v6i (AMN).

5/ Cho tir dién ABCD. Ly hai diém M va N lan lugt ndm trén AC va AD. O 1a diém
nam & mién trong cua tam giac BCD. Tim giao diém ciia :

a/ MN va (ABO)
b/ AO va (BMN).

6/ Cho tir dién ABCD. Ly hai diém I va J 1an luot ndm & mién trong cua hai tam giac
ABC va ABD. Liy diém M tuy y trén CD. Tim giao diém cta IJ va (ABM).

7/ Cho hinh chép S.ABCD c6 day ABCD 14 hinh binh hanh. Goi M 1a trung diém cta
SC.

a/ Tim giao diém I cia AM véi (SBD). Chirng minh IA=2IM.
b/ Tim giao diém E cta SD v6i (ABM). Chirng minh E 13 trung diém cta SD.

8/ Cho hinh chop S.ABCD c6 day ABCD la hinh thang v&i day lon 1a AB. Goi 1, J, K 1a
ba diém lan lugt thudc cac canh SA, AB, BC. Tim giao diém cua :

a/ IK va (SBD)
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b/ SD va (IJK)
¢/ SC va (1JK).

9/ Cho tir dién S. ABC. Goi hai diém I va J lan luot 13 trung diém ctia SA va BC. Goi M
va N 1a hai diém tuy ¥ trén 1J va SC. Tim giao diém cua :

a/ SM véi (ABC)
b/ MC véi (SAB)
¢/ MN véi (ABC).

10/ Cho hinh chép S.ABCD c6 day ABCD 14 hinh thang voi day 16n 1a AB. Ldy M trén
canh SC ( M khong 14 trung diém caa SC). Tim giao diém cua :

a/ BM véi (SAD)
b/ AM véi (SBD)
¢/ SD voi (ABM).

11/ Cho hinh chép S.ABCD c6 day ABCD 14 hinh thang voi day 1on 1a AB. Liy M la
trung diém ctia SB, diém N trén doan SC sao cho 3SN=2SC. Tim giao diém cua :

a/ BC v6i (AMN)
b/ CD v6i (AMN)
¢/ SD voi1 (AMN).

12/ Cho hinh chép S.ABCD c6 day ABCD 1 hinh binh hanh. Trén cac doan SB, SD lan
luot 1dy cac diém M, N sao cho SB=3BM,SD=3SN. Tim giao diém cua :

a/ MN vai (SAC)

b/ MN vé6i (ABCD).

Vin dé 3: CHUNG MINH 3 PIEM THANG HANG.

CHUNG MINH 3 PUONG THANG PONG QUY.

1/ Chiwng minh 3 diém thfmg hang:

Ta ching minh 3 diém cung thudc 2 mat phang phan biét ( vi cung thudc giao tuyén cua
2 mp do).
-
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2/ Chirng minh 3 dwong thing a, b, ¢ dong quy :
- Tim giao diém M cua 2 dudng thiang a va b.
- Tim 2 diém I va J trén dudng thang c.
- Chimg minh 3 diém M, L, J thang hang.

1/ Cho mp(@) va dudng thang a cat mp(a) tai I. trén dudng thang a ldy 2 diém A va B
khac 1. Piém S nam trong khong gian sao cho SA va SB cat mp(a)tai J va K. Ching
minh I, J, K thing hang.

2/ Cho tam giac ABC nam ngoai mp(&) . gia sir cac duong thang AB, BC, CA lan lugt
cat mp(a) tai D, E, F . Chirng minh D, E, F thang hang.
3/ Cho hinh chép S.ABCD . Liy 2 diém M va N 1an luot ndm trén 2 canh BC va SD.
a/ Tim giao diém J cia MN va mp(SAC).
b/ DM ciat AC tai K. Chimg minh S, K, J thang hang.
4/ Cho hinh chép S.ABCD . Goi I va J 13 2 diém lan lugt ndm trén 2 canh AD va SB.
a/ Tim cac giao diém K, L cta IJ va DJ véi mp(SAC).
b/ AD cat BC tai O, OJ cat SC tai M. Chirng minh A, K, L, M thang hang.

5/ Cho hinh chdép S.ABCD c6 AB va CD khong song song nhau. Goi M 14 trung diém
cua SC.

a/ Tim giao diém N ctia SD va mp(ABM).
b/ Goi O 1a giao diém cua AC va BD. Ching minh SO, AM, BN dong quy.

6/ Cho tir dién ABCD. Léy M, N, P lan luot ndm trén AB, AC, BD sao cho MN cit BC
tai [, MP cit AD tai J. Ching minh PI, NJ, CD ddng quy.

Van dé 4: XAC PINH THIET DIEN TAO BOI MP(a) VA HINH CHOP.

PP : Xac dinh cc doan giao tuyén ctia mp(t) véi cac mit ctia hinh chép nhu sau :
- Tim mp c6 diém chung véi (a) .

- Tim giao tuyén ctia (at) voi mat da chi ra.

- Cho giao tuyén nay cit cac canh ctia hinh chép, ta dugc doan giao tuyén.

1
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> Tiép tuc 1dp lai v&i cadc mat con lai cua hinh chop cho dén khi cac doan giao
tuyeén khép kin lai , tao thanh mdt da giac chinh 1a thiét di€n can tim.

1/ Cho tir dién ABCD. Goi H va K 1an luot 13 trung diém ctua AC va BC. Lay diém M
nam & mién trong cua tam gidc BCD sao cho KM cat CD. Tim thiét dién cua ti dién
ABCD cit boi mp(HKM).

2/ Cho hinh chép S.ABCD c6 day ABCD Ia hinh binh hanh. Goi M, N, P lan luot 1a céc
diém trén CB,CD, SA. Tim thiét dién cua hinh chop S. ABCD cit bai mp(MNP).

3/ Cho hinh chép S.ABCD c6 day ABCD 14 hinh binh hanh tdm O. Ly 3 diém M, N, I
1an luot nam trén AD, CD, SO. Tim thiét dién ctia hinh chép S. ABCD ciat boi mp(MNI).

TONG HOQP.
1/ Cho hinh chép S.ABCD. Trong tam gidc SCD lay mot diém M.
a/ Tim giao tuyén cta hai mp (SBM) va (SAC).
b/ Xac dinh giao diém cua duong thing BM va mp(SAC).
¢/ Tim thiét dién cua hinh chop S. ABCD cit boi mp(ABM).

2/ Cho hinh chép S.ABCD. Trong tam giac SBC lay mot diém M, trong tam giac SCD
1dy mot diém N.

a/ Xéc dinh giao diém cua duong thang MN va mp(SAC).
b/ Xéc dinh giao diém cua duong thang SC va mp(AMN).
¢/ Tim thiét dién cua hinh chop S. ABCD cét béi mp(AMN).

3/ Cho hinh chép S.ABCD c6 day ABCD 1a hinh binh hanh tdm O. Goi M, N, P lan
luot 14 trung diém cua SB, SD, OC.

a/ Tim giao tuyén ctia hai mp (MNP) va (SAC).
b/ Xéc dinh giao diém cua duong thang SA va mp(MNP).
¢/ Tim thiét dién cua hinh chop S. ABCD cit béi mp(MNP).

4/ Cho hinh chép S.ABCD c6 day ABCD la hinh thang vé&i day 16n 1a AB. Goi I, K lan

luot 1a trung diém ctia SA, BC. Ly diém H trén canh CD sao cho DH=2HC.
-
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a/ Xéc dinh giao diém cua dudng thing IK va mp(SBD).
b/ Tim giao tuyén cta hai mp (IHK) va (SAD).
¢/ Tim thiét dién cua hinh chop S. ABCD ciét béi mp(IHK).

5/ Cho hinh chép S.ABCD c6 2 canh AD va BC khong song song. Goi M 1a trung diém
cua canh SA.

a/ Tim giao tuyén ctia hai mp (SBC) va (SAD).
b/ Tim giao diém N cta duong thang CM va mp(SBD).
¢/ Tim thiét dién cta hinh chop S. ABCD cit boi mp(ADN).

6/ Cho hinh chép S.ABCD ¢6 2 canh AB va CD khong song song. Goi M va N 1an luot
1a trung diém ciia canh SB va SC.

a/ Tim giao tuyén ctia hai mp (SBD) va (SAC).
b/ Tim giao diém cua dudng thing SD va mp(AMN).

¢/ Tim thiét dién cta hinh chop S. ABCD cit boi mp(AMN).

Bai 2 HAI DPUONG THANG SONG SONG.

Vin dé 1: CHUNG MINH 2 PUONG THANG SONG SONG:

% Chirng minh 2 dudng thang dong phang , roi 4p dung phuong phap chirmg minh
song song trong hinh hoc phing ( tinh chit dudng trung binh, dinh 1i dao Talets...)
Chlmg minh 2 dudng thang do cung song song voi duong thang thir ba.

% Ap dung dinh li vé giao tuyen ctia 3 mit phang va hé qua.

1/ Cho ti dién ABCD. Goi G va H lan luot 1a trong tam cua cac tam giac ABC va ABD.
Chtrng minh GH //CD.

2/ Cho hinh chop S.ABCD c6 day ABCD la hinh thang v6i day lon 1a AB. Goi M va N
lan luot 1a trung diém cua canh SA va SB.

a/ Chung minh : MN // CD.
b/ Tim giao diém P cua SC va mp(AND).

¢/ AN va DP cit nhau tai I. Chting minh SI // AB. T giac SABI 14 hinh gi?
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3/ Cho tir dién ABCD. Goi M, N, P, Q, R, S lan luot la trung diém cia AB, CD, BC,
AD,AC,BD.

a/ Chung minh MNPQ 1a hinh binh hanh.
b/ Tur d6 suy ra MN, PQ, RS cit nhau tai trung diém ctua mdi doan.

4/ Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh. Goi M, N, P,Q la cac diém
lan luot nam trén BC, SC, SD, AD sao cho MN // BS, NP // CD,

MQ // CD.
a/ Chung minh PQ // SA.
b/ Goi K 13 giao diém cua MN véi PQ. Chirng minh SK // AD.

5/ Cho 2 hinh binh hanh ABCD va ABEF khong dong phang.

a/ Chung minh CD // EF.
AM AN 1 \ .
b/ Goi M, N 1an luot ndm trén AC va AD sao cho i = D = 3 va H, K lan lugt nam
trén BE va AF hE_E_3
rén BE va sao cho — = = = 7.

e Chting minh MN // HK.
e Chung minh NK // CE.

6/ Cho hinh chdp S.ABCD c6 day 1a hinh binh hanh. Goi H va K 1an luot ndm trén SA

. SH sK
va SB sao cho — = —.
SA 5B

a/ Chung minh : HK // CD.

b/ Mp(a) chira HK va cat SC, SD lan luot tai M va N. Chimg minh HKMN 14 hinh
thang.

Vin dé 2: GIAO TUYEN CUA 2 MAT PHANG. THIET DIEN SONG SONG VOI
MOT PUONG THANG.

- Tim | diém chung M cua 2 mp.
- Tim 2 duong thang a va b song song nhau va lan luot nam trén 2 mp do.
- Giao tuyén 1a duong thang di qua diém chung M va song song hodc tring mot

1
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| trong 2 dudng thing a va b.

1/ Cho hinh chép S.ABCD c6 ddy ABCD Ia hinh binh hanh. Tim giao tuyén ctia hai mp :
a/ (SAB) va (SCD)
b/ (SAD) va (SBC).

2/ Cho tir dién ABCD. Goi M, N 1an luot 13 trung diém cua AB, AC. Tim giao tuyén cta
hai mp (BCD) va (DMN)).

3/ Cho hinh chép S.ABCD c6 day ABCD 1a hinh binh hanh. Goi H, K 1an luot 13 trung
diém cua SA va SB. Ly diém M nim trén canh SC .

a/ Tim giao tuyén ctia 2 mit phang (HKM) va (SCD).
b/ Tim giao tuyén ctia 2 mit phang (HKM) va (SAD) trong mdi trudng hop sau :

e M la trung diém cia SC.
e M khong 1a trung diém cua SC.

4/ Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh. Goi H, K, I, J lan luot la
trung diém cua SA, SB,SC, SD. Lay diém M nam trén canh BC .

a/ Chtirng minh HK1J 1a hinh binh hanh.
b/ Tim thiét dién cta hinh chép S. ABCD cit boi mp(HKM).

5/ Cho hinh chép S.ABCD. Goi M, N 1a 2 diém trén SB va CD. Mp (&) qua MN va

song song voi SC.
a/ Tim giao tuyén ciia mp(a) v6i cac mp (SBC), (SCD), (SAC).
b/ Tim thiét dién cta hinh chop S. ABCD cit bai mp (ct).
6/ Cho hinh chép S.ABCD. Lay diém M trén canh AB. Mp(ct) 1a mp qua M va song

song v6i 2 dudng thang SA, BC. Tim giao tuyén ctia mp (@) v6i cic mp (SAB),
(ABCD), (SBC).

Bai3 PUONG THANG VA MAT PHANG SONG SONG .

1/ Chirng minh dwong thing a song song véi mp(a) bang cach chimg minh a song
song voi mot duong thang b nam trong mp(a).

2/ Giao tuyén :
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v/ THI : Néu 2 mp (@) va () c6 mot diém chung M va mp nay chira mot duong
thing a song song véi mp kia thi giao tuyén cta chung di qua diém chung M va
song song Vvoi a.

v TH2 : Néu 2 mp (&) va () c6 mot diém chung M va 2 mp nay cling song song
v6i mot duong thing a thi giao tuyén cua chung di qua diém chung M va song
song vdi a.

1/ Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh. Goi M, N, P lan luot 1a
trung diém ctia AB, CD, SA.

a/ Chtirng minh : MN // (SBC), MN // (SAD).

b/ Chung minh : SB // (MNP), SC // (MNP).
2/ Cho ti dién ABCD. Goi M, N lan luot 1a trung diém cua AB, AD.

a/ Chtirng minh : MN // (BCD).

b/ Goi G, (G, 1an luot 1a trong tim ciia cac tam gidc ABC va ACD. Ching minh :
G,G,// (ABD) , G,G,// (BCD) .

3/ Cho hinh chép S.ABCD c6 day ABCD Ia hinh binh hanh. Goi G 1a trong tam cua tam
gidc SAB, 1 1a trung diém ciia AB. Lay M trén doan AD théa AD=3AM. Puong thang
qua M va song song v6i AB cat CI tai N. Chtrng minh :

a/ NG // (SCD)
b/ MG // (SCD).

4/ Cho hinh chép S.ABCD c6 day ABCD 14 hinh binh hanh. Trén SA va BD lan luot lay
SM DN 2

2 diém M va N sao cho o = DB = . Tir N v& duong thang song song voi AB | cét
AD tai P. Chiing minh :

a/ MP // (SCD)

b/ MN // (SCD)

¢/ SC // (MNP).

5/ Cho hinh chép S.ABCD c6 day ABCD 1a hinh binh hanh. Goi I va J 1an luot 13 trong
tAm cua cac tam giac SAB va SAD. Goi M 1a trung diém cta CD. Xéc dinh thiét dién
ctia hinh chop S.ABCD cit bai mp(IJM).
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6/ Cho hinh chdp S.ABCD c6 day ABCD 1a hinh thang véi day 16n 1a AB. Goi I va J lan
lwot 13 trung diém ciia AD va BC. Goi G 1a trong tAm ctia tam giac SAB.

a/ Tim giao tuyén cta hai mp (SAB) va (GIJ).
b/ Xac dinh thiét dién cua hinh chop S.ABCD cit boi mp(GL)).

Tim diéu kién d6i véi AB va CD sao cho thiét dién 13 hinh binh hanh.

TONG HOQP

1/ Cho hinh chép S.ABCD. Goi M, N lan luot 14 trung diém ctia SB, SC. Goi Gy, G, lan
luot 1a trong tdm cua cac tam gidc SAB, SBC.

a/ Tim giao tuyén ctia hai mp (BDN) va (ACM).

b/ Tim giao tuyén cta hai mp (AMN) va (ABCD).

¢/ Ching minh G, G, // (SAC).

d/ Xéc dinh giao diém cua duong thang G, N va mp(SBD).

2/ Cho hinh chép S.ABCD c6 day ABCD Ia hinh thang véi day 16n 1a AD. Goi I 1a trung
diém cua SD . Goi G 14 trong tdm cta tam giac SCD.Trén canh SA 1ay diém J sao cho
SJ=2JA.

a/ Tim giao tuyén cta hai mp (ABI) va (SCD).

b/ Tim giao tuyén cta hai mp (SAD) va (BCI).

¢/ Xéc dinh giao diém cua duong thing GJ va mp(SBD).
d/ Chung minh GJ // (ABCD).

3/ Cho hinh chép S.ABCD , ABCD 14 hinh thang véi day 16n 1a AD. Goi M va N lan luot
la trong tam cuia tam giac SAB va tam giac SCD.

a/ Tim giao tuyén cta hai mit phang (SAB) va (SCD).
b/ Tim giao tuyén ctia hai mit phing (SBC) va (SAD).
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¢/ Tim giao diém cta dudng thang MN va mit phang (SAC).
d/ Chirg minh duong thang MN song song v&i mit phang (SBC).
Hét

Chwong II1 VECTO TRONG KHONG GIAN.

QUAN HE VUONG GOC TRONG KHONG GIAN.

Bail: VECTO TRONG KHONG GIAN .

Vin dé1: CHUNG MINH MOT PANG THUC VECTO

e Nim virng cac phép toan cong , trir vecto; nhan vecto voi mot sb .
e Quy tic cong : AB+BC=AC
e Quy tic trir : AB—-AC=CB
e ABCD Ia hinh binh hanh = AB+ AD = AC
e 1latrung diém cia AB < IA+1IB=0
& MA+MB=2MI Mty )

e Gla trong tdm tam gidc ABC < GA+GB+GC=0

& MA+MB+MC=3MG Mtuy¥)
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-2

1) Cho tir dién ABCD. Goi M, N lan luot 13 trung diém ctia AD va BC. Goi I 1 trung
diém ciia MN. K 14 diém bat ki trong khong gian. Ching minh rang :

a) AC + DB =2MN

b) IA+IB+IC+ID=0

) ﬁ:l(K_'A+KB+KC+KD)
4

2) Cho tir dién ABCD. Goi G la trong tdm ctia tam giac BCD va O 1a trung diém cta
AG.

_— _— _— _— —

a) Chung minh : 304+ OB+ O0C+0D =0
b) Ching minh véi diém M bat ki , ta 6 :
3MA*> + MB® + MC* + MD* = 6MO* + 304> + OB*> + OC* + OD*

Vin dé 2 : PHAN TiCH MQT VECTO

Cho ba vecto a, b, ¢ khong dong phang . khi d6 mot vecto d batki ddu phan tich du
theo a, b, ¢ , nghia 13 ton tai duy nhét b ba sé m, n, p sao cho : d =ma+nb+ pc

1) Cho hinh chép S.ABCD véi G 1a trong tdm cua tam gidc ABC. Hay phan tich SA theo cac

vecto ﬁ, SB va SG .
-
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=c, AD=d.

_—

2) Cho tr dién ABCD. bat 4B

_—

A

a

=b,
a) Hay phan tich Rf, @,ﬁ theo E,E,;l; .
b) Goi M la trung diém ctiia BC. Hay phéan tich DM theo B,E,c? .

c) Goi G la trong tam cua tam giac BCD. Hay biéu dién AG theo I;,E,g .

Vin d@é 3 : CHUNG MINH 3 VECTO PONG PHANG

- - —

e Bavecto a,b,c goi la ddng phing khi chung cing song song véi mot mit phang.

- - —

e Bavecto a,b,c goila dﬁng phfmg khi ton tai bd ba s6 m, n, p sao cho
ma +nb + pz =0 (it nhat mot trong ba s m, n, p khac 0).

- - — - - —

e Néu hai trong ba vecto a,b,c cing phuong thi ba vecto a,b,c dong phing.

e Bavecto E,E,E déng phéng < Bbn diém A, B, C, D cung thudc mot mat
phang.

1) Cho hinh hép ABCD.ABC'D'. Goi L K, L, M,R, S lan luot 13 trung diém céc
canh AB,AA",A'D',DC,C C,CB . Chirng minh :

a) Cac vecto IK ,W ,FS ddng phang.

RSN N

b) Céc vecto LM ,MI,LK dbng phing.
c) 6 diém L K,L, M, R, S cung thudc mot mat phéng.

2) Cho lang tru ABC.AB'C'. GoiIva J lan luot 13 trung diém cia BB, AC . K la diém

thuoc BC' sao cho KC = —2@ . Chirmg minh bén diém A, I, J, K cung thudc mot
mit phang.

Biai 2 : HAI PUONG THANG VUONG GOC.

Vin dé 1 : GOC GIUA HAI VECTO

e Cho hai vecto a,b. Tir diém O bat ki dung : OA = a,0B = b. Khi d6 goc giita h
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vecto Zz,l; chinh 1a goc hinh hoc AOB.
*Chiy : 0°< A0B <180’

v cos(aE)=2b
SOFI

1) Cho hinh chop S.ABC c6 SA=SB=SC=AB=AC=ava BC=a \/5 . Tinh goc gitra hai
vecto :

a) SA va BC.
b) SB va AC.

2) Cho tir dién ABCD.

a) Chimng minh: AB.CD + AC.DB + AD.BC =0.

b) Suy ranéu tir dién ABCD ¢6 4B L CD va AC L DB thi 4D L BC.

Vin @2 : GOC GIUA HAI PUONG THANG

e Goc giita hai dudng thing a va b 1a goc giita hai dudng thing a va b cung di
qua mot diém va 1an luot song song v6i hai duong thaing avab .

e Goi u va v lan luot 13 hai vecto chi phuong ctia hai dudng thangavab .
+ Néu (&,$)s90° thi (a,b):(&,;).
+Néu (u,v)>90° thi (a,b)=180° —(u,v).

v' Van dung ti s6 lugng giac trong tam giac vudng hodc dinh 1y Cos
b>’+c*—a’
2bc '

CosA=

1) Cho tir dién ABCD c6 AB=AC=AD=a, BC=BD= a\/z va CD=2a. Tinh :

a) Goc giira hai dudong thang AD va BC.
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b) Goc giita hai dudng thang AB va CD.

2) Cho hinh chép S.ABC c¢6 SA=SB=SC=a, tam giac ABC vuong va AB=AC=a \/5 .
Tinh

a) Goc giira hai dudong thang AB va SC.
b) Goc giira hai dudng thang SA va BC.

3) Cho tir dién déu ABCD c6 canh bang a. Tinh goc giira hai dudng thang AB va CD.

4) Cho tir dién ABCD c6 M va N 1an luot 13 trung diém cta AB va CD. Biét MN=a /3,
BC=AD=a. Tinh goc giita hai dudng thing BC va AD.

5) Cho hinh chop S.ABC c6 day ABCD Ia hinh thoi, SA=AB, SA | BC.
a) Tinh goc gitra SD va BC.

b) Trén SB va SD lan luogt 14y hai diém I va J sao cho 1J/BD. Tinh goc giita IJ va
AC.

Vin dé 3 : CHUNG MINH HAI PUONG THANG VUONG GOC

e Ching minh goc giira hai dudng thing bang 90°.
e Chtng minh tich v hudng cta hai vecto chi phuong cta hai dudng thang bang (

o Mot dudng thang vudng goc véi mot trong hai duong thang song song thi vuong
gdc v6i duong thang kia.

1) Cho tir dién déu ABCD c6 canh bang a. Goi O 1 trong tdm cta tam giac BCD.
Chung minh AO L CD.
2) Cho hinh chop S.ABC c6 day ABCD Ia hinh binh hanh. Tam gidc SAB va tam giac
SCD vudng tai A. Chiing minh :
a) SA LBC ,SALCD.
b) SALAC ,SA LBD.
3) Cho hai tam giac can ABC va DBC c6 chung canh ddy BC va nim trong hai mit
phang khac nhau. Ching minh AD 1 BC.
4) Cho tr dién ABCD. Chtrng minh:
a) Néu ttr dién ABCD ¢6 AB L CD va AC L DB thi AD 1 BC.
b) Néu AD=BD=CD va ADB = BDC = CDA thi AD L BC, BD L AC, CD L AB.
-
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5) Cho ttr dién ABCD ¢6 ABC va ABD la tam giac déu. Goi M, N, P, Q lan luot 1a trung
diém cua cac canh AC, CB, BD, DA. Chirng minh :
a) ABL1CD.
b) Tu gidc MNPQ 14 hinh chit nhat.

6) Cho hai hinh vuéng ABCD va ABEF nim trong hai mit phiang khac nhau, 1an luot
cotam laIvaJ. Chung minh :
a) ABLIIJ.
b) CDIJI 1a hinh chir nhat.

Bii3 : PUONG THANG VUONG GOC VOI MAT PHANG.

Vin dé 1 : CHUNG MINH PUONG THANG VUONG GOC MAT PHANG

e Chtng minh duong thang vudng goc véi 2 dudng thang cit nhau cling nam trong
mat phang do.

e Néu mit phang vudng goc véi mot trong hai duong thang song song thi vudng g
v6i duong thang con lai.

e Néu duong thang vudng goc véi mot trong hai mit phang song song thi vudng g
v6i mat phang con lai.

> Chung minh hai dudong thing vudng goc nhau : chimg minh dudng thing
nay vudng goc véi mot miat phang chira duong thang kia.

1) Cho tr dién S.ABC c6 SA 1L (ABC) ,tam giac ABC vuong tai B.
a) Chung minh BC L (SAB).
b) Goi AH va AK lan luot 14 dudng cao cia tam giac SAB va tam giac SAC. Chiing
minh AH L SC va SC L (AHK).
2) Cho hinh chop S.ABCD c¢6 SA 1 (ABCD) va ABCD 1a hinh chit nhat. Goi H va K
1an Iuot 12 hinh chiéu cua A 1én SB va SD.
a) Chung minh cac mat bén cua hinh chép S.ABCD la tam giac vudng,
b) Ching minh AH 1 (SBC) va AK L (SCD).
c) Chung minh SC L (AHK).
3) Cho hinh chép S.ABCD c6 SA L (ABCD) va ABCD Ia hinh vuong tam O. Goi H , J,
K 1an lugt 1 hinh chiéu ctia A 1én SB, SC, SD.
a) Chung minh BD 1L (SAC).
b) Ching minh HK I (SAC) va HK 1 AL
4) Cho hinh chop S.ABCD c¢6 day ABCD Ia hinh thoi tdim O va SA=SC, SB=SD.
a) Chung minh SO 1L (ABCD).
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S)

6)

7)

8)

9

b) Goil vaJlan luot 12 trung diém cua BA, BC. Chtrng minh IJ L (SBD).

Cho hinh chép S.ABCD c¢6 SA 1 (ABCD), ABCD Ia hinh thang vuong tai A va D,

AB=2a, AD=CD=a,SA=a\/§ . Chung minh cic mat bén cua hinh chop la tam giac

vuong.

Cho hinh chép S.ABC ¢6 SA L (ABC), ABC la tam giac déu. Goi H, O 1an luot 1a

tryc tdm cua tam giac ABC va tam giac SBC.

a) Chung minh SC L (BHO).

b) Chung minh OH L (SBC).

¢) DPuong thing OH cit dudng thiang SA tai N. Ching minh tir dién SBCN c¢6 céc
canh d6i vudng goc nhau.

Cho hinh chép S.ABCD c6 day ABCD la hinh vuéng canh a, SAB 1a tam giac

ddu,SC=a+2

Goi H, K 1an luot 14 trung diém ciia AB va AD.

a) Chung minh SH 1L (ABCD).

b) Chung minh ACLSK , CK_LSD.

Cho hinh chép S.ABCD c6 day ABCD la hinh chit nhat, AB=a, BC=ay/3. Mit bén

SBC vuéng tai B. Tam giac SCD vuéng tai D, c6 SD=a4/5. Chimg minh SA L
(ABCD).

Cho hinh chép S.ABCD c6 day ABCD 14 hinh vudng canh a. Tam giac SAB déu.Tm
giac SCD vuong can tai S. Goi [, J lan luot 1a trung diém ctia AB va CD.

a) Chung minh tam giac SIJ vuong.

b) Chuing minh SIL (SCD) , SJL (SAB).

¢) Goi H 13 hinh chiéu cta S 1én IJ. Chitng minh SH L AC.

Vin dé2 : GOC GIUA PUONG THANG a VA MP(P)

Néu a //(P) hodc a = (P) thi goc giira ching 1a 0°.
Néu a_L (P) thi goc giita chung 1a 90°.

Néu a cat (P) va khong vudng goc véi (P) thi goc giita chiing chinh 1a goc giita a
va a'1a hinh chiéu cua a 1én mp (P).

1)

Cho hinh chép S.ABC c6 SA L (ABC), ABC la tam giac vuong tai B.S4A= 4B =a,
BC=aJ§

a) Tinh goc gitta SB, SC vé6i (ABC).

b) Tinh goc giita SC vé6i (SAB).
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2) Cho hinh chop S.ABCD ¢6 SA L (ABCD) va ABCD la hinh vuéng canh a, SA=ay/6.
Tinh goc gitra :

a) SAva(ABCD) ;
b) SCva(SAB) ;
c) SBva(SAC) ;
d) ACva (SBC).

3) Cho hinh chép S.ABCD c¢6 SA 1 (ABCD), ABCD Ia hinh thang vudng tai A va D,
AB=2a, AD =CD =a,SA=a . Tinh goc gitra :

a) SBva(ABCD) ;
b) SC va (ABCD) ;
c) SDva(ABCD).

4) Cho ttr dién ABCD c6 AB 1L (BCD), 4B = a3 , BCD la tam giac déu canh a . Tinh
gdc gitia :

a) ACva(BCD) ;
b) AD va (BCD) ;
c) AD va (ABC).

5) Cho hinh chép S.ABCD c¢6 ABCD la hinh vuong tdam O, canh a, SO L (ABCD). Goi
M, N lan luot 13 trung diém ctia SA va CD, biét MN tao véi (ABCD) mét goc bang
60°.

a) Tinh MN va SO.
b) Tinh goc gitra MN va (SBD).

Bai4 : HAI MAT PHANG VUONG GOC.

LY THUYET :

1) Xac dinh Goc giira hai mp (P) va (Q) :
Cach 1 : La goc giira hai dudng thing 1an luot vudng goc voi hai mp do,
Cach 2:
- Tim giao tuyén ¢ cta 2 mit phang (P) va (Q).

- Tu diém I bat ki trén ¢, dung hai duong thang a va b 1an luot nim trong (P) va
(Q), dong thdi vudng goc véi c.

- Goéc gitra hai mp (P) va (Q) chinh 13 goc giita hai duong thang a va b.

Ciach 3 : cho da gidc H ndm trong mp(P) c¢6 dién tich S va H'1a hinh chiéu vuong
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goc ctua H 1én mp(Q) ¢6 dién tich S'. khi do:

S’=S.cos@
Véi ¢ 1a géc gitra (P) va (Q).
2) Chitng minh hai méit phing vudng goc nhau :

Cach 1 : ching minh trong mit phang nay chira duong thing vudng goc v6i mit
phing kia.

Cich 2 : chimg minh géc gitta hai mit phang bang 90°.

> Chi y : hai mit phing vudng goc nhau thi duong thing nio nim trong mit
phang ndy ma vudng goc véi giao tuyén thi vudng goc véi mit phang kia.

1) Cho hinh chép S.ABC c6 SA L (ABC).
a) Xac dinh gbc gitra (SAB) va (ABC).
b) BiétS4 =2a , ABC la tam gic déu canh a. Tinh goc gitta (SBC) va (ABC).

¢) BiétSA=12, AB=13, BC =14, CA=15 . Tinh gbc gitta (SBC) va (ABC).
2) Cho hinh chop S.ABCD c¢6 SA 1 (ABCD) va ABCD la hinh vuéng canh a,

SA=a~/3. Tinh gbc gitra :

a) (SBC)va (ABCD) ;

b) (SBD) va (ABCD) ;

c) (SAB)va (SCD) ;

d) (SBC) va (SCD).
3) Cho tir dién déu ABCD canh a. Tinh goc giita hai mit phang (ABC) va (BCD).
4) Cho hinh chop S.ABC ¢6 SB L (ABC), tam giac ABC vudng tai A.

a) Chung minh (SAB) L (SAC).

b) Ké BH, BK lan luot vudng goc véi SB, SC. Chirng minh (BHK) L (SAC).
5) Cho hinh chop S.ABCD c6 SA L (ABCD) va ABCD 1a hinh chir nhat. Goi H va K

1an luot 1a hinh chiéu cua A 1én SB va SD. Chimg minh :

a) (SAB) L (SBC)

b) (SAD) L (SCD) ;

¢) (AHK) L (SBC) ;

d) (AHK) L (SCD).
6) Cho hinh chop S.ABCD c¢6 SA 1 (ABCD) va ABCD Ia hinh vuéng .

a) Chung minh (SBD) L (SAC).

b) Goi BE, DF lan luot 1a hai duong cao cta tam giac SBD. Chtrng minh (ACF) L

(SBC) va (AEF) 1 (SAC).
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7) Cho hinh chép S.ABCD c¢6 ABCD la hinh vuéng canh a. Tam giac SAB déu va nam
trong mit phang vudng goc véi ddy. Goi I, K lan lugt 1a trung diém cua AB va BC.
Chung minh :

a) SIL (ABCD) ;

b) SAD va SBC la tam giac vudng ;

c) (SAD) L (SAB)va(SBC) L (SAB) ;
d) (SDK) L (SIC).

8) Cho hinh chop S.ABCD c6 ABCD 4 hinh vuéng. Tam giac SAB cén tai S va nim
trong mit phang vudng goc véi day. Goi H, K 1an luot 14 trung diém ciia AB va AD.
Chting minh
a) (SAD) L (SAB).

b) (SHK) L (SAC) ;
c) (SCK) L (SDH).

9) Cho hinh chop S.ABC ¢6 SA 1L (ABC) va SA=a. bay ABC vudng can tai B véi
AB=a. Tinh géc giita hai mit phang :

a) (SBC)va (ABC) ;
b) (SAC) va (SBO).

10) Cho tir dién ABCD c¢6 ABC la tam giac déu , BCD la tam giac vudng can tai D.

Biét AB=2a, AD=a+/7. Tinh s do gbc gitra (ABC) va (DBC).

Bais : KHOANG CACH.
LY THUYET :
1) Khoang cach tir diém O dén dwong thing a :

Cich 1 : Trong mit phang (0,a) , ké OH vudng goc véi a tai H.

d(0,a)=OH

Cich 2 : (nho khoang cach cta diém I)
v' TH : Ol song song a .
d(O,a)=d(1,a)
v/ TH: Ol cit ataiM

d(ﬂ,a]_E
d(l.a) MI

2) Khoing cich tir diém O dén mit phing (P) :

Cach 1 : Ké OH vuong gbc voi (P) tai H.
-
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d(0,(P))=OH

Cich 2 : (nho khoang cach ctia diém I)
v' TH : OI song song (P).
d(0,(P))=d(IL,(P))
v/ TH: Ol cat (P)tai M

d(0,(P)) MO
d(L(P)) MI

3) Khoang cach giira hai dwong thiang song song 1a khoang cach tir
mot diém thudc dudng thang nay téi duong thang kia.

4) Khoang cach giira hai mit phiang song song 1a khoang cach tir mot
diém thudc miat phang nay toi mat phang kia.

5) Khoang cach giira hai dwong thing chéo nhau

- Bang khoang cach giita duong thang nay va mit phang song song
v6i no dong thoi chira duong thang kia.

- Bang khoang cach giita hai mat phang song song nhau lan luot
chtra hai duong thang do.

6) Ciach dung doan vudng géc chung ciia hai dwdong thang a va b

e Cichl

- Dung mp(P) chtta b va song song voi a.

- Chon diém M trén a, dung MH vudng gbéc voi a tai H.

- Tu H, dung duong thing a’ song song véi a va cit b tai B.

- Tu B, dung dudng thing song song v6i MH, cit a tai A.
» Doan AB la doan vudng goéc chung ciia a va b.
o Cich2

- Dung mp(P) vuong gbéc voi a tai O.
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- Dung hinh chiéu b’ cua b 1én (P).

- Dung OH vudng goc v6ib tai H.
- Tu H, dung duong thang song song vi a, cit b tai B.
- Tu B, dung dudng thing song song v6i OH, cit a tai A.
» Doan AB la doan vudng goéc chung cia a va b.
e Cach 3 (Ap dung khi a L b)
- Dung mp(P) chtra b va vuong gbéc voi a tai A.
- Dung AB vuodng goc véi b tai B.
» Doan AB la doan vudng goéc chung cia a va b.

*» Do dai ciia doan vudng goc chung la khoang cach ctia a va b.

1) Cho hinh chép S.ABCD c6 SA 1L (ABCD) va ABCD la hinh vudng tam O, canh a,
SA=a. Goi [, M lan luot 1a trung diém cua SC, AB.
a) Chung minh OI L (ABCD).
b) Tinh khoang cach tir I dén CM.
¢) Tinh khoang cach tir S dén CM.
2) Cho hinh chép S.ABC ¢6 SA 1 (ABC), tam giac ABC vuong can tai B, SA=AB=a.
a) Tinh khoang cach tir C dén (SAB).
b) Tinh khoang cach tir B dén (SAC).
c) GoiDvaE lan luot 1a trung diém ctia BC va SC.
Tinh khoang cach tir A dén SD.
Tinh khoang cach tir E dén AB.

3) Cho hinh chép S.ABC c6 ABC 1a tam giac déu canh a, SAZSBZSCZ%. GoiH la

tryc tim cia AABC, I 12 trung diém cta doan SH. Tinh khoang cach :
a) Tu S dén (ABC) ;
b) Tu S dénBC ;
¢) TuIdénBC.
4) Cho hinh chép S.ABCD c6 SA L (ABCD) va ABCD la hinh vuong canh a, SA=2a.
Tinh khoang céch :
a) Tu A dén (SBC) ;
b) Tur A dén (SCD) ;
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¢) T A dén (SBD) ;
d) Gitta SAvaCD ;
e) Gitra AD va SC.
5) Cho hinh chép S.ABCD c6 SA L (ABCD) va ABCD Ia hinh chit nhat , SA=AB=a,
AD=2a. Goi E Ia chan duong cao ha tir A cia AABD.
a) Chung minh (SAE) L (SBD).
b) Tinh khoang cach tir A dén (SBD).
¢) Tinh khoang cach giita cac duong thing
e ADvaSB ;
e ABvaSC.
6) Cho hinh chop tir gidc déu S.ABCD c¢6 canh day bang a , canh bén bang av2.01a
tam cua mat day. Goil, J lan luot 1a trung diém cua AD va BC.
a) Tinh khoang cach tir S dén (ABCD).
b) Chung minh (SIJ) L (SBC).
¢) Tinh khoang cach tir O dén (SBC).
d) Tinh khoang cach AD va SB.
e) Tinh khoang cach tir S dén CL
7) Cho hinh chop S.ABCD c6 day 1a hinh thoi tdim O, canh a, SO 1 (ABCD), SO=a,
BAD =60".
a) Tinh khoang cach tir O dén (SBC).
b) Tinh khoang cach gitta AD va SB.
8) Cho hinh chop S.ABCD c6 ABCD la hinh vuéng canh a, ASAD déu va nim trong
mat phang vudng goc voi ((ABCD). Goi I, J 1an luot 14 trung diém ciia AD va BC.
a) Chung minh (SIJ) L (SBC).
b) Tinh khoang cach tir S dén (ABCD).
¢) Tinh khoang cach giita cac cip duong thang AD va SB, SA va BD.
9) Cho hinh chop S.ABCD c¢6 SA 1L (ABCD) va ABCD la hinh vudng canh a, SA=a.
Xéc dinh va tinh d6 dai doan vudng goéc chung cua cac cap dudng thing :
a) SBvaAD
b) SC va BD
c) SBvaCD
d) ABvaSC
e) ACvaSD.
10) Cho lang tru diing ABC.A'B'C’ ¢6 ddy ABC vudng tai A, BC=2a, AB=ay/3, AA'=a.
Tinh khoang céch :
a) Tur AA dén (BCC'D)
b) A d&n (A'BC)
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c) A dén (ABC).
11) Cho hinh 1ap phuong ABCD.AB'C'D’ ¢6 canh a.
a) Chimg minh (BDD'B) L (ACD).
b) Tinh khoang cach giira hai mit phang (ACD’) va (BA'C).
¢) Tinh khoang cach giita hai duong thing BC va CD’, BB  va AC.
12) Cho ling tru ding ABC.A'B'C’ ¢6 ddy ABC la tam gidc déu canh a, AA'=aV/2. Goi
M la trung diém ciia AC.
a) Chimg minh (BBM) L (BA'C).
b) Tinh khoang cach tir M dén (BA'C)).

TONG HOQP
1) Cho hinh chop S.ABC ¢6 SA 1 (ABC), ABC la tam gidc vuong can tai A,
ABZav@, canh bén SB va SC hop v6i mit day goc 60°. Goi I 1a trung diém cta BC.
a) Chung minh (SAI) L (SBC).
b) Tinh goc gitra SI va (SBC).
¢) Goi D 1a diém d6i xtmg véi C qua A. tinh khoang cach tir D dén (SBC).
2)  Cho hinh chop S.ABC c¢6 SA 1L (ABC), ABC la tam giac vudng can tai B, AB=a,
SA=ay 2. Goi M I trung diém ciia AB.
a) Chung minh (SBC) L (SAB).
b) Tinh khoang cach tir A dén (SBC).
c) Tinh khoang cach gitra SM va BC.
3) Cho hinh chép S.ABCD c6 day ABCD la hinh vuéng tdam O, canh 2a, SO L
(ABCD), SO=a/6. Goi K 12 trung diém ctia SD.
a) Chung minh AC L SD.
b) Goi H 14 trung diém cta SB. Chirng minh (OHK) L (SAC).
c) Tinh goc gitra SD va AB.
d) Tinh goc gitta OK va (ABCD).
4) Cho hinh chit nhat ABCD c6 AB=2a, BCZav'E. Goi M, N lan luot la trung diém
cua AB, CD. Tu M dung SM L (ABCD), v6i SA=SB=2a, SC=SD=3a.
a) Chung minh SA | BC.
b) Ching minh (SMN) L (SCD).
c) Tinh géc gitra SC va (ABCD).
5) Cho hinh chép S.ABCD c6 SA 1 (ABCD) va ABCD Ia hinh vuong canh a, SA=a.
Goi M, N lan luot la trung diém cua SB, SD.
a) Chung minh CD 1L (SAD) va (SAB) L ( SBC).
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b) Tinh gbc gitta AM va BD.
6) Cho hinh chop tt giac déu S.ABCD . Goi O 1a chan dudng cao ciia hinh chép, I 1a
trung diém ctia CD, OH 1a dudng cao trong tam giac SOL
a) Chung minh (SAC) L (SBD).
b) Tinh goc giita SB va (SAC) , biét SO=av/6, AB=2a.
c) Chung minh OH L AB.
7)  Cho hinh ch6p S.ABC c6 SA 1L (ABC), ABC la tam giac vudng can tai B, SA=AC.
Goi I, I, K 1an luot 1a trung diém ctia AC, SC, JC.
a) Chung minh BC L SB.
b) Ching minh BI L (SAC).
¢) Ching minh SC L BK.
d) Tinh goc gitta BI va (SBC), biét SA=4a.
8) Cho hinh chop S.ABCD c6 SA 1 (ABCD) va ABCD Ia hinh thoi tdm O canh a,

ave .
AC=a, SA=T. Goi M la trung diém cua CD.

a) Chung minh CD L (SAM).
b) Ching minh (SAC) L (SBD).
c) Tinh géc gitra hai mp (SBD) va (ABCD).
d) Tinh khoang céch gitra AC va SB.
9) Cho hinh chop S.ABCD c6 SA 1 (ABCD) va ABCD la hinh vuong tam O, canh
2a, SA=2a/6. Goi M 1a trung diém cta AD.
a) Chung minh OM L (SAD).
b) Chirng minh (SAD) 1 (SCD).
c) Tinh géc gitra SC va (ABCD).
d) Tinh khoang cach gitra OM va SC.
10) Cho hinh chép S.ABCD c6 SA L (ABCD) va ABCD la hinh chir nhat, AB=a,
BC=2a, SA=av/3.
a) Chung minh BC L (SAB).
b) Dung AK vuong goc véi BD tai K. Chung minh (SBD) L ( SAK).
c) Tinh géc gitra SC va (SAB).
d) Tinh goc gitra (SCD) va (ABCD).
e) Tinh khoang cach gitra AD va (SBC).
f) Goi M, N 1an luot 13 trung diém ctua AD, BC. Tinh khoang cach gitra BM va SN.

Hét
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